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L	� Height of the surface
Nux	� Local Nusselt number
q	� Local heat transfer rate
RaL	� Rayleigh number
Rax	� Local Rayleigh number
T	� Temperature
V	� Velocity of the liquid film in the porous  

medium
u, v	� Velocity components in x, y directions
P	� Pressure
x, y	� Cartesian coordinates
W	� The width of the plate

Greek symbols
α	� Thermal diffusivity
δL	� Liquid film thickness
η	� Similarity variable
θ	� Dimensionless temperature profile
ΔT	� Characteristic scale of temperature, TS − Tw
μ	� Dynamic viscosity of the fluid (kg m −1 s−1)
Γ	� Dimensionless total mass rate of condensate
Ψ	� Stream function
ρ	� Density of the fluid
Φ	� Orientation angle of principal axes

Superscript
*	� Dimensional quantities

Subscripts
∞	� Refers to condition at infinity
e	� Refers to effective properties due to the presence 

of the porous domain
L	� Refers to liquid region
s	� Refers to saturated properties
w	� Refers to the vertical surface

Abstract  This work analytically investigates the prob-
lem of steady film condensation along a vertical surface 
embedded in an anisotropic porous medium filled with 
a dry saturated vapor. The porous medium is aniso-
tropic in permeability whose principal axes are oriented 
in a direction which is oblique to the gravity vector. On 
the basis of the generalized Darcy’s law and within the 
boundary layer approximations, similar solutions have 
been obtained for the temperature and flow patterns in 
the condensate. Moreover, closed form solutions for the 
boundary layer thickness and heat transfer rate have been 
obtained in terms of the governing parameters of the 
problem.

List of symbols
a, b, c	� Constants
cP	� Specific heat capacity of fluid at constant  

pressure
Da	� Darcy number
f	� Dimensionless stream function
g	� Gravitational acceleration
hfg	� Latent heat of condensation
hx	� Local convective heat transfer coefficient
Ja	� Jacob number
K 	� Flow permeability tensor
K1, K2	� Flow permeability along the principal axes
K∗	� Anisotropic permeability ratio, K1/K2

k	� Effective thermal conductivity of the liquid film
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1  Introduction

The problem of film condensation phenomena with 
the presence of convection in a porous medium occurs 
in various fields of science and engineering. Common 
examples are heat and fluid flow for some industrial dry-
ing and cooling processes, packed-bed heat exchangers, 
steam injection petroleum recovery, solidification of cast-
ings, porous enhanced heat transfer surfaces, geothermal 
reservoirs, and many others where the problem of two-
phase in a porous medium involving phase change have 
important applications. And when two phase flow exists 
in a porous medium, it is known that Darcy’s law is also 
applicable to both the liquid and the vapor phases pro-
vided that the concept of relative permeability be intro-
duced. This is to account for the fact that the pore spaces 
are filled partly with vapor and partly with steam. This 
problem based on the standard approximations used in 
the classical film condensation was first formulated by 
Cheng [1] along an inclined cooled plate embedded in a 
Darcian porous medium by means of similarity transfor-
mation. Assuming that the condensate and the vapor are 
separated by a distinct boundary with no two-phase zone 
and that the condensate film is thin and has constant prop-
erties, Cheng [1] obtained closed-form expressions of the 
Nusselt number in terms of the Rayleigh number and the 
boundary layer thickness of the condensate. An analytical 
solution for the problem of film condensation in porous 
medium with non-zero lateral mass flux at the boundary 
wall is presented by Liu et al. [2]. The analysis was later 
extended by Kimura and Bejan [3] to a frustum of a cone 
without transverse curvature effect. Wang and Tu [4] stud-
ied the effect of non-condensable gas on forced convec-
tion condensation along a horizontal plate embedded in a 
porous medium. Renken et al. [5] numerically examinated 
the effects of vapor velocity on film condensation along 
a surface embedded in a porous medium and the results 
obtained provide valuable fundamental predictions which 
can be used in a number of industrial applications. Also, 
an analytical approach to solve the laminar film conden-
sation outside a horizontal elliptical tube embedded in a 
porous medium was performed by Chiou and Chang [6]. 
Closed-form expressions for the condensate film thick-
ness, the condensate flow rate and the heat transfer coef-
ficient have been obtained by Al-Nimr and Alkam [7] for 
the problem of film condensation over a vertical plate 
embedded in a porous medium. Under steady state condi-
tions, the state of the art can be found in Nield and Bejan 
[8] and Kaviany [9].

A few studies have also been reported for the case of the 
conjugate laminar film condensation on the external sides 
of the vertical plate embedded in a homogeneous porous 
medium. Char et  al. [10] have investigated the conjugate 

mixed-convection laminar film condensation along a con-
ducting vertical plate in a porous medium filled with dry 
saturated vapor. Using a cubic spline collocation method 
to solve this conjugate heat transfer problem, these authors 
have obtained results of interest to highlight the influence 
of the wall conduction. This work is extended by Bau-
tista et  al. [11] by studying analytically and numerically 
the conjugate heat transfer film-condensation process of 
a saturated vapor on a vertical conducting fin immersed 
in a porous medium, considering that the base of the fin 
is found at temperature lower than the temperature of sat-
urated-vapor porous medium. It has been found that this 
boundary condition can modify the results obtained in pre-
vious works, where the effect of the longitudinal heat con-
duction through the fin has been neglected.

In all the above studies the porous media were assumed 
to be isotropic whereas, in several applications, the porous 
materials are anisotropic. Despite this fact, natural convec-
tion in such anisotropic porous media has received rela-
tively little attention. The effects of an anisotropic perme-
ability on thermal convection in a porous medium began 
with the investigation of Castinel and Combarnous [12], 
concerning the onset of motion in a horizontal layer heated 
from below, and continued with the works of Epherre [13], 
Kvernvold and Tyvand [14] and Nilsen and Storesletten 
[15]. Natural convection within enclosures heated from 
the side was investigated by Kimura et al. [16] and Ni and 
Beckermann [17], for the case when one of the principal 
axes of anisotropy of permeability is aligned with grav-
ity and by Zhang et al. [18], Degan et al. [19] and Degan 
and Vasseur [20] when the principal axes are inclined with 
respect to gravity. It was demonstrated by these authors that 
the effects of the anisotropy considerably modify the con-
vective heat transfer. Recently, the effects of anisotropy on 
the boundary-layer free convection over an impermeable 
vertical plate, for the case when one of the principal axes of 
anisotropy is along the plate, were investigated by Ene [21], 
using the method of integral relations. It was concluded 
that, if the permeability in the direction normal to the plate 
is greater than the permeability along the plate, then there 
is an increase in the temperature field. This investigation 
was extended by Vasseur and Degan [22] for the case when 
the porous medium is anisotropic in permeability with its 
principal axes oriented in a direction that is oblique to the 
gravity vector. Within the framework of boundary-layer 
approximations, similarity solutions are obtained for the 
case where wall temperature varies as a power function of 
distance from the leading edge. Solving numerically the 
full governing equations by using a finite-difference pro-
cedure, these authors demonstrated that the anisotropic 
parameters greatly influence the local heat transfer rates.

The present work is devoted to the study of convection 
laminar film condensation along a vertical plate embedded 
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in a fluid saturated porous medium filled with a dry saturated 
vapor. The porous medium is anisotropic in permeability 
with its principal axes oriented in a direction that is oblique 
to the gravity vector. Assuming the usual approximations 
used in the classical film condensation problems, a similarity 
solution for the problem is found. Consequently, closed-form 
expressions of the heat transfer rates and the boundary layer 
thickness of the condensate are obtained in terms of the Ray-
leigh number and the anisotropic parameters.

2 � Mathematical formulation

Consider the problem of steady cooling at temperature Tw 
of a vertical plate of length L embedded in a fluid saturated 
porous medium filled with a dry saturated vapor. Conden-
sation of the saturated vapor at constant temperature TS 
(corresponding to its pressure) is expected to occur along 
the hot impermeable plate and inside the porous medium. 
If the wall temperature (Tw) is less than the saturated tem-
perature (TS), a film of condensate (liquid) will form adja-
cent to the plate and flows downward because of gravity. 
The porous medium is anisotropic in permeability with 
its principal axes oriented in a direction that is oblique to 
the gravity vector. The physical model and coordinate sys-
tem are shown in Fig. 1. The x and y axes are aligned with 
the vertical and the horizontal directions respectively. The 
permeability along the two principal axes of the porous 
matrix are denoted by K1 and K2. The anisotropy of the 
porous medium is characterized by the permeability ratio 
K∗ = K1/K2 and the orientation angle ϕ, defined as the 
angle between the horizontal direction and the principal 
axis with the permeability K2.

The condensate and the dry saturated vapor are sepa-
rated by a distinct interface at y = δL. The condensate film 
is thin such that the boundary layer approximations can be 
applied. The flow is steady, laminar, incompressible and 
two dimensional. The porous medium is saturated with an 
incompressible viscous fluid that is in local thermodynamic 
equilibrium with the solid matrix. The Boussinesq approxi-
mation is applicable. Capillarity is negligible. Darcy’s law 
is applicable to both the dry vapor and liquid phases in the 
porous medium.

Under the aforementioned assumptions, the Darcy sys-
tem of equations describing the problem of convective 
laminar film condensation in an anisotropic porous medium 
(for the condensate film) can be written as follows [23]:

In these equations, �V  denotes the velocity vector, p the 
pressure and T the temperature for the condensate and �g the 
gravitational acceleration. Moreover, μ is the dynamic vis-
cosity, ρ the density and α =  (k/(ρcp)f) is the thermal dif-
fusivity, where (ρcp)f is the volumetric heat capacity of the 
fluid and cp is the specific heat of the fluid, k is the effective 
thermal conductivity. The symmetrical second order per-
meability tensor K  is defined as [19]:

In the coordinate system (Ox, Oy), the previous governing 
Eqs. (1)–(3) can be rewritten in physical variables as follows:

where

(1)∇ · �V = 0

(2)�V = K

µ
(−∇P + ρ�g)

(3)�V · ∇T = α∇2T

(4)K =
[

K1sin
2ϕ + K2cos

2ϕ (K2 − K1)sinϕcosϕ

(K2 − K1)sinϕcosϕ K2sin
2ϕ + K1cos

2ϕ

]

(5)
∂u

∂x
+ ∂v

∂y
= 0

(6)au− cv = K1

µ

(

−∂P

∂x
+ ρg

)

(7)−cu+ bv = −K1

µ

∂P

∂y

(8)u
∂T

∂x
+ v

∂T

∂y
= α

(

∂2T

∂x2
+ ∂2T

∂y2

)

(9)







a = cos2ϕ + K∗sin2ϕ
b = sin2ϕ + K∗cos2ϕ
c = (1− K∗)sinϕcosϕ

Fig. 1   Physical model and coordinate system
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Eliminating the pressure term between the Eqs. (6) and (7), 
one can obtain the momentum equation which becomes:

In the above equation, ψ is the stream function related to 
the velocity components by:

so that the continuity Eq. (1) is automatically satisfied.
We consider now the boundary layer regime for which 

most of the liquid film is restricted to a thin layer along the 
vertical axis directed updown, i.e. when y < δL. In this situ-
ation, one can observe that ∂2/∂x2, ∂2/(∂x∂y) ≪ ∂2/∂y2. 
Consequently, from the momentum Eq. (10), it is clear that 
a boundary layer regime is possible only when the second 
and the third terms, on the left-hand side of the equation 
can be neglected when compared with the first one, i.e. 
when the following conditions:

and

are satisfied. So, under the boundary layer approximations, 
the governing Eqs.  (10) and (8) in an anisotropic porous 
medium are given as follows:

In the above equation, the subscript L and v denotes the 
quantities associated with the liquid and the saturated vapor 
phases respectively.

3 � Scale analysis and validity of the film 
condensation boundary layer

Consider the condensate film, i.e. the liquid layer near the 
plate as the slender boundary-layer region (δL × L) with 
δL ≪ L, where δL is the boundary layer thickness defined 
as the order of magnitude of the distance in which the 
horizontal velocity v changes from 0 to vL. That region is 
distinct from the immense domain of the porous medium 
occupied by the saturated vapor. Thus, in that space, the 
following scales for in x, y and v are:

(10)a
∂2ψ

∂y2
+ 2c

∂2ψ

∂x∂y
+ b

∂2ψ

∂x2
= K1

µL

g
∂ρ

∂y

(11)u = ∂ψ

∂y
, v = −∂ψ

∂x

(12)a
∂2ψ

∂y2
≫ c

∂2ψ

∂x∂y

(13)a
∂2ψ

∂y2
≫ b

∂2ψ

∂x2

(14)a
∂ψ

∂y
= K1

µL

g(ρL − ρv)

(15)
∂2TL

∂y2
= 1

αL

(

∂ψL

∂y

∂TL

∂x
− ∂ψL

∂x

∂TL

∂y

)

In the δL × L region, the mass continuity Eq. (5) and the 
momentum Eq. (14) require the following balances:

For the boundary layer flow in the liquid film, the energy 
Eq. (8) becomes:

Following Bejan [24], the scaling law implied by the 
energy Eq. (19) is more visible if it is integrated from y = 0 
to y = δL.

In the δL × L region, the equation of energy (20) accounts 
for the competition between four terms and their respective 
scales are:

where ΔT = Ts − Tw and hfg is the latent heat of conden-
sation. The (ρvLhfg) scale is associated with the heating of 
the interface through the condensation of saturated vapor, 
which is entrained with velocity vL into the liquid film. In 
conclusion, the energy balance (19) requires:

Determining three unknown scales for (uL, vL, δL) from 
the three Eqs.  (17), (18) and (22), one can obtain what 
follows:

(16)x ∼ L, y ∼ δL , v ∼ vL

(17)
uL

L
∼ vL

δL

(18)uL ∼ K1

µL

g(ρL − ρv)

(19)uL
∂TL

∂x
+ vL

∂TL

∂y
= αL

∂2TL

∂y2

(20)

ρcp

[

(vLTL)y=δL
+ d

dx

∫ δL

0

uLTLdy

]

=
(

k
∂TL

∂y

)

y=δL

−
(

k
∂TL

∂y

)

y=0

(21)

(

ρcpvL�T
)

or

(

ρcp
uL�TδL

L

)

∼
(

ρvLhfg
)

or

(

k
�T

δL

)

(22)

(

k
�T

δL

)

∼
(

ρvLhfg
)

or
(

ρcpvL�T
)

(23)uL ∼ αL

L
RaL

(24)vL ∼ αL

L
Ra

1/2
L

(25)δL ∼
(

1

RaL

)1/2

L
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where

is the film Rayleigh number based on permeability K1. Con-
sequently, the scale of steam function ψL can be termed as:

Following Ene and Polievski [25], taking into account to 
Eqs. (12), (13) and (27), it follows that the conditions:

and

must be satisfied.
Equations  (28) and (29) indicate that, if a/c =  0(1) and 

a/b = 0(δL/L), the boundary layer hypothesis cannot be used. 
However, if a/c = 0(δL/L) and a/b = 0

(

δ2L/L
2
)

, then the terms 
of the left hand side of Eq. (10) are the same order of magni-
tude and the boundary layer approximations can be involved.

4 � Resolution

In the boundary layer regime, i.e. when conditions (28) 
and (29) are satisfied, it can be readily demonstrated that 
Eqs.  (14) and (15) are required to satisfy the following 
boundary conditions:

•	 At the plate:

•	 At the liquid–vapor interface at y = δL, the continuity of 
temperature, mass flux and energy flux are:

where ṁ is the mass flux of the liquid across the inter-
face, hfg is the latent heat at Ts and kp is the thermal 
conductivity of the porous medium saturated with liq-
uid. Substituting Eqs. (32) into (33) gives the following 
interface condition:

(26)RaL = K1gL(ρL − ρv)

αLµL

(27)ψL ∼ αLRa
1/2
L

(28)
a

c

L

δL
≫ 1

(29)
a

b

L2

δ2L
≫ 1

(30)y = 0 : vL = −∂ψ

∂x
= 0, TL = Tw

(31)y = δL : TL = Ts

(32)y = δL : ṁ = ρL

(

∂ψL

∂y

dδL

dx
+ ∂ψL

∂x

)

(33)y = δL : ṁhfg = −kp

(

∂TL

∂y

)

As suggested by the previous boundary layer scales, we can 
introduce the following similarity transformations:

where Rax,L = K1g(ρL − ρv)x/(μLαL) is the local Rayleigh 
number of the liquid film.

Using Eqs. (35)–(37), the governing Eqs. (14) and (15) 
can be transformed into the following set of ordinary dif-
ferential equations:

where the primes denote differentiation with respect to ηx,L.
The above system is subject to the boundary conditions 

at the plate:

while the boundary conditions at interface (where y = δL) 
yield:

and

where Ja = cpL(Ts − Tw)hfg is the well-known Jacob num-
ber which corresponds to a mesure of degree of wall sub-
cooling, and the dimensionless liquid film thickness yields:

Solving the above system of equations, we obtain the 
following exact solutions:

(34)y = δL : hfgρL

(

∂ψL

∂y

dδL

dx
+ ∂ψL

∂x

)

= kp

(

∂TL

∂y

)

(35)ηx,L = y

x
Ra

1/2
x,L

(36)ψL = αLRa
1/2
x,L fL

(

ηx,L
)

(37)θL
(

ηx,L
)

= TL − TS

TW − TS

(38)f ′L = 1

a

(39)θ ′′L + 1

2
fLθ

′
L = 0

(40)fL(0) = 0, θL(0) = 1

(41)θL(ηLδ) = 0

(42)Jaθ ′L(ηLδ) = −1

2
fL(ηLδ)

(43)ηLδ =
(

ηx,L
)

y=δL
= δL

x
Ra

1/2
x,L

(44)fL
(

ηx,L
)

= ηx,L

a

(45)
θL
(

ηx,L
)

= 1−
erf

(

ηx,L
2
√
a

)

erf
(

ηLδ
2
√
a

)a
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where ηLδ is determined from the following expression of Ja:

The above result, in case of constant permeability, (i.e. 
K∗ = 1) reduces to that of Cheng [1] for isotropic porous 
medium.

We consider now the situation for which the flow field in 
the vapor phase at y > δL. For this case, it is noticed that, since 
the temperature Ts in the vapor phase is constant, the energy 
equation is automatically satisfied. Making use of continuity 
equation and considering the boundary layer approximations 
applied to the generalized Darcy’s law, one can write:

From the mass continuity equation at the interface, it is 
convenience to write:

and making use of Eqs. (35), (36), (43), (44) and (48), one 
obtains:

which becomes, in dimensionless terms, the mass flux of 
the liquid flow across the interface as follows:

By defining the velocity in the vapor phase far away 
from the liquid film and with the aid of Eq. (49), one can 
obtain in the same way:

Accordingly, the dimensionless velocity in the vapor region 
can be termed as:

which shows obviously that the vapor flow field is moving 
toward the interface, in the direction opposite to that of the 
system coordinate. As consequence, the total mass rate of 
condensate along the plate at a given distance x from the 
origin of coordinate axes can be defined as:

(46)Ja = √
π

ηLδ

2
√
a
exp

(

η2Lδ

4a

)

erf

(

ηLδ

2
√
a

)

(47)uv = 0, vv = g(x)

(48)ṁ = ρv

(

uv
dδv

dx
− vv

)

y=δL

= ρL

(

uL
dδL

dx
− vL

)

y=δL

(49)ṁ = 1

2

ρLαL

x

Rax,L

a

δL

x

(50)Ṁ = ṁx

ρLαL
= Rax,L

2a

δL

x
= 1

2

Ra
1/2
x,L

a
ηLδ

(51)vv = − ṁ

ρ∞
= −1

2

ρL

ρ∞

αL

x

Rax,L

a

δL

x

(52)Vv =
vvx

αL
= −1

2

ρL

ρ∞

Rax,L

a

δL

x
= −1

2

ρL

ρ∞

Ra
1/2
x,L

a
ηLδ

(53)γ =
∫ x

0

Wṁdt

where W is the width of the plate. Making use of Eqs. (49) 
and (50), the dimensionless total mass rate of condensate 
along the vertical surface, at the position x from the origin, 
can be calculated by the following expression:

The surface heat flux along the impermeable surface is 
defined as:

where km,L is the thermal conductivity of the porous 
medium saturated with liquid. Taking into account 
Eqs. (45), (55) becomes:

The local heat transfer rate defined as the local Nusselt 
number is expressed as follows:

where h is the local heat transfer coefficient. Substituting 
Eqs. (56) into (57), one can obtain:

It is obvious that the precedent result (Eq.  58) is an 
exact solution for the local Nusselt number in terms of the 
dimensionless boundary layer thickness and of the aniso-
tropic parameters of the saturated porous medium. More-
over, the expression of Nux is implicity a function of the 
dimensionless degree of wall subcooling calculated by 
Eq. (45). It is also noticed that, in the case of the saturated 
isotropic porous medium for which K∗ = 1 (i.e. for a = 1), 
the result obtained for Nux is in agreement with that found 
in the past by Cheng [1].

As pointed out by Cheng [1], we will consider now 
both the limiting cases, one for the weakened bound-
ary layer thickness (i.e. with ηLδ  →  0), and the other 
for the larger boundary layer thickness corresponding to 
ηLδ → ∞.

1.	 As ηLδ → 0, one can obtain from Eqs. (45) and (46) 
that:

(54)Ŵ = γ

αLρL
= W

2

Rax,L

a

δL

x
= W

2

Ra
1/2
x,L

a
ηLδ

(55)

qw = −km,L

(

∂TL

∂y

)

y=0

= km,L(TW − TS)
Ra

1/2
x,L

x

[

−θ ′L(0)
]

(56)qw =
(

Rax,L

aπ

)1/2
km,L(TW − TS)

xerf
(

ηLδ
2a1/2

)

(57)Nux =
hx

km,L
= qwx

km,L(TW − TS)

(58)
Nux

Ra
1/2
x,L

= 1

(πa)1/2erf
(

ηLδ
2
√
a

)

(59)ηLδ =
√
2aJa
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which depends on the anisotropic parameters of the 
porous structure and shows that, for any value of the 
coefficient a, that Ja → 0 as ηLδ → 0. Consequently, 
the temperature distribution of the condensate liquid 
can be expressed as follows:

	 Similarly, in this limiting case, both the local 
heat transfer rate and the film boundary layer thick-
ness can be expressed as:

and

respectively. 
2.	 As ηLδ → ∞, one can obtain from Eqs. (45) and (46) 

that:

Similarly, in this limiting case, the local heat transfer 
rate can be expressed as:

and

Following Cheng [1], Eqs. (61) and (64) suggest that it is 
convenient to present Nux(2Ja)1/2/Ra

1/2
x,L  in terms of (2Ja)1/2 

which can be obtained by first assuming a value of ηLδ and by 
computing Ja and Nux from Eqs. (46) and (58), respectively.

Following the method of construction described by 
Churchill and Usag [26], the approximate expression for 
Nusselt number valid for the whole range of wall subcool-
ing is given by:

which reduces to the asymptotic expressions given by 
Eqs.  (61) and (64) for small and large wall subcoolings, 
respectively.

(60)θL
(

ηx,L
)

= 1− ηx,L√
2aJa

(61)
Nux(2Ja)

1/2

Ra
1/2
x,L

=
(

1

a

)1/2

(62)
δL

x
=

(

2aJa

Rax,L

)1/2

(63)θL
(

ηx,L
)

= 1− erf

(

ηx,L

2
√
a

)

(64)
Nux

Ra
1/2
x,L

=
(

1

πa

)1/2

(65)Ja = √
π

ηLδ

2
√
a
exp

(

η2Lδ

4a

)

(66)
Nux(2Ja)

1/2

Ra
1/2
x,L

= 1

(a)1/2

(

1+ 2Ja

π

)1/2

5 � Results and discussion

Figure  2a and b show the effects of varying the similar-
ity variable of the dimensionless thickness of the liquid 
film ηx,L on the dimensionless velocity profile, for differ-
ent values of the anisotropic ratio K∗ and of the anisotropic 
orientation ϕ, respectively. In these figures, it is observed 
that, when the anisotropic parameters K∗ and ϕ are held 
constant, each line corresponding to a fixed value of each 
parameter is a straight line from the origin of the axes, and, 
as expected, fL is termed as a linear function of ηx,L. Moreo-
ver, it is seen from Fig.  2a that, as K∗ is increased from 
0.1 to 2.5, for example, when ϕ = 45°, the boundary thick-
ness of the liquid film is more and more decreasing. It can 
be explained from the Eq.  (44) that, when the anisotropic 
parameter a =

(

cos2ϕ + K∗sin2ϕ
)

 is made more and more 
higher, the dimensionless velocity profile is decreasing 
more and more. As a result, the dimensionless thickness of 
the liquid film is decreasing more and more. This behav-
ior is also observed in Fig. 2b for the varying of ϕ, when 
K∗ = 0.1. It is seen for the same reason that the decreas-
ing in ϕ corresponds to the decreasing in the dimensionless 
thickness of the liquid film which becomes more and more 
weaker.

The dimensionless temperature profile is plotted in 
Fig. 3a as a function of the similarity variable of the dimen-
sionless thickness of the liquid film ηx,L to investigate the 
effects of the anisotropic permeability ratio K∗ for two 
different values of Ja and when the orientation angle of 
the principal axes of the porous matrix ϕ is held equal to 
45°. As expected, the dimensionless temperature profile 
decreases first from the unity when ηx,L = 0 about the ver-
tical surface, drops then progressively far away from the 
surface, become less and less affected by the anisotropic 
permeability ratio K∗ and attains an asymptotic dashed line 
predicted by Eq. (62). For each value of Ja, it is observed 
that, the dimensionless temperature profile increases with 
an increase in the anisotropic permeability ratio K∗ for a 
given value of the dimensionless thickness of the liquid 
film. So, convection becomes more and more considerable, 
as K∗ is made higher. The same result is obtained in Fig. 3b 
which illustrates the effect of the orientation anisotropic 
angle ϕ and of the Jacob number Ja on the distribution of 
the temperature θL when K∗ = 0.1. It is seen that, from the 
reason expressed by the Eq. (45), for a given value of the 
similarity variable of the dimensionless thickness of the 
liquid film ηx,L, the temperature in the boundary layer pre-
vailing at the neighborhood of the vertical surface increases 
with a decrease in the orientation angle of the principal 
axes of the porous medium.

Figure 4a represents the effects of the anisotropic perme-
ability ratio K∗ on the dimensionless film thickness ηLδ ver-
sus the Jacob number Ja when ϕ = 45°. Endeed, Eq. (46) is 
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plotted as solid lines in that figure for various values of K∗. It 
is noticed that, for a given value of the Jacob number Ja, the 
dimensionless thickness of the liquid film increases with an 
increase in K∗. Moreover, for each value of K∗, it is shown 
that the dimensionless thickness of the liquid film increases as 
the Jacob number is increased. In the limiting case observed 
when ηLδ → 0, Eq. (59) is plotted as dotted lines in Fig. 4a. 
Similarly, another view of this trend is to investigate the 
effects of the orientation anisotropic angle ϕ and of the Jacob 
number Ja on the dimensionless film thickness ηLδ when K∗ 
is held constant. For example, when K∗ = 0.1, it is obtained 
in Fig. 4b that, for a given value of the Jacob number Ja, the 
dimensionless thickness of the liquid film increases with a 
decrease in ϕ from 90° to 0°. Moreover, for each value of ϕ, 

it is shown that the dimensionless thickness of the liquid film 
increases as the Jacob number is increased.

Figure 5a shows the effects of the Jacob number Ja and 
the anisotropic permeability ratio K∗ on the heat transfer 
rate Nux/Ra

1/2
x,L  for ϕ = 45°. For a given value of Ja, it is 

noticed that the heat transfer rate in solid lines increases 
when K∗ is decreasing from 5.0 to 0.1. Also, each curve in 
solid line drops progressively from a value about Ja ≈  0 
and goes to a stagnant value which depends on K∗. The 
asymptotic dotted line to each curve about Ja ≈ 0 is pre-
dicted by Eq.  (61) and the asymptotic dashed line to the 
heat transfer curve far away from the vertical surface is pre-
dicted by Eq. (64). The opposite behavior of the heat trans-
fer rate is seen in Fig.  5b where an increase of the latter 
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corresponds to an increase of the orientation anisotropic 
angle ϕ.

The approximate expression for Nusselt number versus 
(

(2Ja)1/2
)

 given by Eq.  (66) which is valid for the whole 
range of wall subcooling is plotted as solid lines in Fig. 6a 
to investigate the effects of the anisotropic permeability 
ratio K∗. The straight (dashed and dotted) lines in Figs. 6a, 
b are the asymptotic limits of small (Ja →  0) and large 
(Ja → ∞) wall subcoolings given by Eqs.  (61) and (64), 
respectively. It is seen that, for a given value of 

(

(2Ja)1/2
)

 , 
the heat transfer rate is increased when K∗ is decreased 
from 5.0 to 0.1. Endeed, as expected from Eq. (66), the heat 
transfer rate is inversely proportional to 

√
a, and therefore, 

inversely proportional to 
√
K∗ as a = cos2ϕ + K∗sin2ϕ 

for example, for the particular case when ϕ =  90°. It is 
noticed also that, for the same reason, the heat transfer rate 
is increased when the orientation of the anisotropic angle is 
increased from 0° to 90° and when K∗ is held equal to 0.1.

6 � Conclusions

The problem of film condensation along a vertical surface 
embedded in a fluid saturated porous medium filled with 
a dry saturated vapor has been investigated. The porous 
medium is anisotropic in permeability with its principal 
axes oriented in a direction that is oblique to the grav-
ity vector. Assuming the usual approximations used in the 
classical film condensation problems, a similarity solu-
tion for the problem is found. Consequently, closed-form 
expressions of the heat transfer rates and the boundary 
layer thickness of the condensate are obtained in terms of 
the Rayleigh number and the anisotropic parameters. The 
following conclusions are drawn:

1.	 Both the anisotropic permeability ratio and the ani-
sotropic orientation of the porous matrix have a great 
influence on the velocity profile, the temperature dis-
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tribution and the heat transfer in the boundary layer 
prevailing at the neighborhood of the vertical surface.

2.	 A decrease in the orientation anisotropic angle corre-
sponds to a decrease in the dimensionless thickness of 
the liquid film which becomes more and more weaker. 
Inversely, an increase in the heat transfer rate corre-
sponds to an increase in the orientation anisotropic 
angle.
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