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Abstract. In this paper, we discuss deformation quantization of a harmonic os-
cillator in a general non-commutative phase space, with both non-commuting
spatial and momentum coordinates. Different representations are considered.
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1. Introduction

In recent years, there is an increasing interest in the application of non-commut-
ative (NC) geometry to physical problems [1] in solid-state and particle physics [2],
mainly motivated by the idea of a strong connection of non-commutativity with
field and string theories. Besides, the evidence coming from the latter and other
approaches to the issues of quantum gravity suggests that attempts to unify gravity
and quantum mechanics could ultimately lead to a non-commutative geometry
of spacetime. The phase space of ordinary quantum mechanics is a well-known
example of non-commuting space [3]. The momenta of a system in the presence of a
magnetic field are non-commuting operators as well. Since the non-commutativity
between spatial and time coordinates may lead to some problems with unitarity
and causality, usually only spatial non-commutativity is considered. Besides, so far
quantum theory on the NC space has been extensively studied, the main approach
is based on the Weyl-Moyal correspondence which amounts to replacing the usual
product by a *-product in the NC space. Therefore, deformation quantization has
special significance in the study of physical systems on the NC space. Moreover, the
problem of quantum mechanics on NC spaces can be understood in the framework
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of deformation quantization [4, 5]. In the same vein, some works on harmonic
oscillators (ho) in the NC space from the point of view of deformation quantization
have been reported in [6, 7] and references therein.

In this paper, we consider different representations of a harmonic oscillator
in a general full non-commutative phase space with both the spatial and mo-
mentum coordinates being non-commutative. Indeed, non-commutativity between
momenta arises naturally as a consequence of non-commutativity between coor-
dinates, as momenta are defined to be the partial derivatives of the action with
respect to the non-commutative coordinates. This work continues the investiga-
tions stated in [6, 8] and [9] devoted to the study of a quantum exactly solvable
D-dimensional NC oscillator with quasi-harmonic behavior. We intend to extend
previous results presenting a similar analysis to the quantum version of the two-
dimensional NC system with non-vanishing momentum components. For addi-
tional details on the motivation, see [6]. The physical model resembles the Landau
problem in NC quantum mechanics extensively studied in the literature. See [10]
and [11] and references therein for more details. Broadly put, it is worth noticing
that the description of a system of a two-dimensional (2D) ho in a full NC phase
space is equivalent to that of the same ho in a constant magnetic field in some NC
space.

2. Deformation Quantization (DQ) in NC phase space

Consider a 2D general NC phase space. The coordinates of position and mo-
mentum, x = (z!,2?) and p = (p',p?), modeling the classical system of a two-
dimensional ho maps into their respective quantum operators & and p giving rise

to the Hamiltonian operator
N 1/, . o

H= 5 (pﬂp“ + x,ﬁ“) (1)

with commutation relations
(2%, p"] = ihed™”, [2¥,3"] =iOM, [pF,p"] =iOM, prv=1,2  (2)
where ©#” and O are skew-symmetric tensors carrying the dimensions of
(length)? and (momentum)?, respectively. The effective Planck constant is given by
o em
hest = h(1+ 50 ): (3)
where D = 2 is the dimension of the NC space. The operators £* and p” can be

rewritten as

1 = 1
GHO— Al QY4 S G _ QU 4
pt =7 +2h@ Gy, & q 2h@ 7t (4)
in terms of 7* and ¢” that obey the standard Weyl-Heisenberg algebra
[", 7] = dho*;  [GM,¢"] =0 = [7*,7"]. (5)

In the deformation quantization theory of a classical system in the non-
commutative space, one treats (z,p) and their functions as classical quantities,
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but replaces the ordinary product between these functions by the following gener-
alized x-product:

* = Khey ¥O© ¥ (6)
iRt [ — OHY OHY
= exXp {Z 26(890#31)# - 8;0“390“)_’_2 9 830#3@:/—#178,,“ pV}.

The variables z#, p* on the NC phase space satisfy the following commutation
relations similar to (2):

(2", p")w = ihegd™”, [2#,2"], =iO", [p",p"]. =iO" prv=1,2 (7)

with the following uncertainty relations:

Azt Az? > % AptAp? > % (8)
Azt Apt > % Ag?Ap? > Teft (9)

2
The first two uncertainty relations show that measurements of positions and mo-
menta in both directions 2! and 22 are not independent. Taking into account
the fact that © and © have dimensions of (length)? and (momentum)? respec-
tively, then v/© and VO define fundamental scales of length and momentum which
characterize the minimum uncertainties possible to achieve in measuring these
quantities. One expects these fundamental scales to be related to the scale of the
underlying field theory (possible the string scale), and thus to appear as small
corrections at the low-energy level or quantum mechanics. Commonly, the time
evolution function for a time-independent Hamiltonian H of a system is described

by the x-exponential function denoted here by efg) :

o n times
Ht 1 t N p——
Jet=y = HxHx---xH 10
‘ T;) ! (mﬁ) ! (10)
which is the solution of the following time-dependent Schrédinger equation
d Ht Ht

iheﬁ%eihe“ = H(z,p) * e (11)

B QP e 'éu(r lL

= H(xu + ! QHapM + ZTarﬂ7pV - ZTﬁ‘azu + ! 2 8zo)€*heff .

There corresponds the generalized x-eigenvalue time-independent Schrodinger
equation:

where W, and &, stand for the Wigner function and the corresponding energy
eigenvalue of the system. The Fourier-Dirichlet expansion for the time-evolution

function defined as
Ht —iEnt

oo
oot — Ze Fieit W, (13)
n=0

links the Wigner function to the x-exponential function.
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Provided the above, the operators on a NC Hilbert space can be represented
by the functions on a NC phase space, where the operator product is replaced by
relevant star-product. The algebra of functions of such non-commuting coordinates
can be replaced by the algebra of functions on ordinary spacetime, equipped with
a NC star-product. So, considering the transformations (4) and leaving out the
operator symbol | we arrive at (¢, 7) phase space and the commutation relations
change into (5), with the star-product defined in the following way.

Definition 1. Let C°°(R*) be the space of smooth functions f : R* — C. For
f,g € C>(R%), the formal star product is defined by

f*xg= fexp [%%MJ’“’gy}g. (14)

Here the smooth functions f and g depend on the real variables ¢', ¢2, 7! and 72,
and

01 0 0 e
S owg (59 9 9[-0 0 0] &
a "\ ¢t onl’ 92’ o2 0 0 0 1 7
0 0 -1 0 2 (15)
onZ

99 939 99 93

T 0q'or' 9wl dq" | 0¢? on®  On O
Therefore, the star product f x g represents a deformation of the classical
product fg. This deformation depends on the Planck constant A. In terms of
physics, the difference f x g — fg describes quantum fluctuation depending on h.
For the present case,
L v 1% Zh 1% v L v Zh LV L v N 1%
gt ¥ —ghT’ = ?5” , Txgt -7Vt = —55’ . Hence [¢", "], = ihd"". (16)

Let us examine now the ho eigenvalue equation in different representations.

2.1. Harmonic oscillator eigenvalue equation in annihilation

and creation operator representation
Building, in the standard manner, the creation and annihilation operators of ho
system as

o=? \J;ﬁ”rl —t \_@”l 1=1,2 (17)
and using the polar coordinates such that
¢\ = picos g, 7l = pysingy, (18)
we solve the right and left eigenvalue equations
a* frn = VmRfm_1n ar* fmn = /(M +1)hfmiin (19)

fmn * A =/ (’I’L + 1)hfm,n+1 fmn *ap =V nhfm,nfl
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to find the eigenfunctions f,,, as

! i 2 2 n—m 2 2 2
Snn = 2(=1)"4/ %el("_m)‘p‘ (%) ’ L%‘"%%)e_%, m,neN  (20)

with

foo = 2670 (21)
L= are the generalized Laguerre polynomials defined for n =0,1,2,..., a > 1,
by
1 o dn _ In+a+1) (—xz)F
Lo — o a_ n+a w . 29
n(@) = Jrete ol — T(k+a+1) Kl(n—k)! (22)

Then the states defined by b, = frmang fm2n2, where m = (m1,m2), n = (n1,n2),
mi,mo,n1,ns € N, exactly solve the right and left eigenvalue problems of the
. . 2 _
Hamiltonian Hy = Y, aja; as
Hoxb2) = h(|lm|+1)bl2) and  b3) x Hy = h(|n| + 1)b2), (23)
where |m| = mq + mao.
2.2. Harmonic oscillator eigenvalue equation in (g, 7)-representation

Now, consider the Hamiltonian (1) and use the relation (5) to re-express it with
the help of variables ¢ and 7 as follows:

H=H0+HL+Hq((:))+H7r(9) (24)
where
Ho = 5@+ @7 + @7 + (2)?) (25)
Hp, = @+@7A7 TAT =q¢'m—¢*m (26)
and

1,0) = S (@) + @) Hi(0)= ()2 +(7). )

It is a matter of computation to verify that the Hamiltonians Hy and Hj *-
commute. Idem for the Hamiltonians Hy, and H; = H,(©)+ H,(©). Therefore, the
Hamiltonians of family {Hy, Hy}, (respectively {H, Hr}) can be simultaneously
measured. There follow two relevant situations.

2.2.1. Case ® = —0O. The Hamiltonian H can be expressed as
@2

H= (1 + 4h2)H0 (28)
and the states bgﬁ% solve the right and left eigenvalue problems of H as
H 0 = Enobian Emo = h(1+ (0°/41%)) (Im| + 1) (29)
and
b « H = &L b & = h(1+ (©%/41?))(In| + 1) (30)

where m = (m1,m2), n = (n1,ng), my,ma,n1,ne € N, |m| =mq + ma.
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2.2.2. Case ® = ©. The Hamiltonian H can be rewritten as
02 O
H_<1+W)HO_E7A?' (31)
The eigenvectors of Hy and Hj, are eigenvectors of H, (as they commute each with
other), with eigenvalues

R e?
&y = h(1+ 3 ) (ml +1) = (In| = Im)© (32)
and 02
Ehn = h(1+ 1) (nl +1) = (Im| = In)© (33)
corresponding to the right and left eigenvalue equations
H by, = &R b0), (34)
and
b * H = €L, (35)

2.3. Harmonic oscillator eigenvalue equation in a general (g, 7)-representation

The problem to be solved is equivalent to that of a two-dimensional Landau prob-
lem in a symmetric gauge on a non-commutative space. Indeed, the Hamiltonian

H can be re-transcribed as
O42 62
H=— ((q1)2 + (q2)2) +5 ((7‘1’1)2 + (7r2)2) —y{ AT = Hi+H, (36)

where

62 02 0+06
2 ~ 2 _ — —
@ =l+pms  F=ltgs 7=

Remark that the Hamiltonian terms H, g and Hj, commute. Therefore, the eigenvec-

(37)

tors of {Hg, Hp} are automatically eigenvectors of H. As matter of convenience,
to solve the Schrodinger eigen-equation, let us choose the polar coordinates

q' =pcose  ¢°=psing (38)
and assume the variable separability to write
f(pv 80) :é.(p)eikw7 k= 07i17i27 (39)

Then, from the static Schrodinger equation on NC space, H % f(p,¢) = Ef(p, ©),
we deduce the radial equation as follows:

252,02 10 2
-Gt as) + T e = et @0

yielding the spectrum of H under the form
2
e
c‘,':h@(n—i—l)—hvk‘, n=0,1,2,... (41)

with
E(p.0) x e 57 H, (%p) . (42)
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The last term of the energy spectrum &£ falls down when v = 0, i.e., © = —0.
In this case, a® = 2 and we recover the discrete spectrum of the usual two-
dimensional harmonic oscillator as expected. The results obtained here can be
reduced to specific expressions reported in the literature [6] for particular cases.
Besides, the formalism displayed in this work permits to avoid the appearance
of infinite degeneracy of states observed when h2; — ©© = 0 in [10] where the
phase space is divided into two phases based on the following conditions on the
deformation parameters:

e Phase I for h2; — ©0O > 0

e Phase II for h2; — ©O < 0.
Finally, let us mention that the direct computation of the energy spectrum from
the relation (24) instead of (36) introduces an unexpectable feature, i.e., the energy
spectrum depends on the phase space variables as it should not be with respect
to the study performed in [11]. Such a pathology is generated by the phase space
variable dependence of the commutator
02 _ 92

4h
This could explain why previous investigations (see [6], [12] and [13] and references
therein) were restricted to the cases © = £0.

[Ho, Hi], =i ('t + ¢*n?). (43)

Acknowledgment

This work is partially supported by the ICTP through the OEA-ICMPA-Prj-
15. The ICMPA is in partnership with the Daniel Iagolnitzer Foundation (DIF),
France. MNH expresses his gratefulness to Professor A. Odzijewicz and all his
staff for their hospitality and the good organization of the Workshops in Geomet-
ric Methods on Physics.

References

[1] A. Connes, Noncommutative Geometry Academic Press Inc. San Diego at
http: /www.alainconnes.org/downloads.html, 1994.

[2] N. Seiberg and E. Witten, String theory and noncommutative geometry JHEP 9909,
032 1999.

[3] H. Weyl, Quantenmechanik und Gruppentheorie, Z. Physik 46 (1928), 1; The theory
of groups and quantum mechanics, Dover, New York 1931, translated from Grup-
pentheorie und Quantenmechanik, Hirzel Verlag, Leipzig 1928.

[4] F. Bayen, M. Flato, A. Fronsdal Lichnerowicz, D. Sternheimer, Deformation theory
and quantization. I. Deformations of symplectic structures, Ann. Physics 111, (1978)
61.

[5] A.C. Hirshfeld, and P. Henselder, Deformation quantization in the teaching of quan-
tum mechanics, American Journal of Physics, 70 (2002) (5) 537-547.

[6] A. Hatzinikitas, and I. Smyrnakis, The noncommutative harmonic oscillator in more
than one dimensions [e-print hep-th/0103074] (2000).



302 M.N. Hounkonnou and D.O. Samary

[7] M. Land, Harmonic oscillator states with non-integer orbital angular momentum
[e-print math-th/0902.1757] (2009).

[8] L. Bingsheng, and J. Sicong, Deformed squeezed states in noncommutative phase
space [e-print math-th/0902.377] (2009)

[9] L. Bingsheng, J. Sicong, and H. Taihua, Deformation quantization for coupled har-
monic oscillators on a general noncommutative space [e-print math-th/0902.369]
(2009).

[10] V.P. Nair, and A.P. Polychronakos, Quantum Mechanics on the Noncommutative
Plane and Sphere, [e-print hep-th/0011172] (2001).

[11] L. Jonke, and S. Meljanac, Representations of noncommutative quantum mechanics
and symmetries [e-print hep-th/0210042] (2003).

[12] Wei, Gao-Feng. Long, Chao-Yun. Long, Zheng-Wen. and Quin Shui-Jie FEzact solu-
tion to two-dimensional isotropic charged harmonic oscillator in uniform magnetic
field in non-commutative phase space Chinese Physics C. 4, (2008) 247-250.

[13] Sayipjamal, Dulat. and Li, Kang. Landau problem in noncommutative quantum me-
chanics Chinese Physics C. 32, No. 2,(2008) 92-95.

Mahouton Norbert Hounkonnou and Dine Ousmane Samary

University of Abomey-Calavi

International Chair in Mathematical Physics and Applications

ICMPA-UNESCO CHAIR

072B.P.:50

Cotonou, Rep. of Benin

e-mail: norbert.hounkonnou@cipma.uac.bj with copy to hounkonnou@yahoo.fr
ousmanesamarydine@yahoo.fr



