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Using the recursion equations technique, the influences of the single-ion anisotropies or
crystal-fields interactions on the magnetic properties of the mixed spin-1 and spin-7/2
Blume-Capel (BC) Ising ferrimagnetic system are studied on the Bethe lattice (BL).
The ground-state phase diagram is constructed, the thermal behaviors of the order-
parameters and the free-energy are thoroughly investigated in order to characterize the
nature of the phase transitions and to obtain the phase transition temperature. Then, the
temperature phase diagrams are obtained in the case of equal crystal-field interactions
on the (kT'/|J| and D/|J|) planes when ¢ = 3,4 and 6 and in the case of unequal
crystal-fields interactions on the (kT'/|J| and D4/|J|) and (kT/|J| and Dp/|J|) planes
for selected values of Dp/|J| and D 4/|J| respectively when ¢ = 3. The model shows
first-order and second-order phase transitions, and where the lines are connected is the
tricritical point. Besides the first-order and second-order phase transitions, the system
also exhibits compensation temperatures depending on appropriate values of the crystal-
fields interactions.

Keywords: BC model; Bethe lattice; ferrimagnetic; ground-state phase diagram; tricrit-
ical point.

PACS numbers: 05.50.+q, 05.70.Ce, 64.60.Cn, 75.10.Hk, 75.30.Gw

1. Introduction

In the last five decades, the Ising model has been one of the most largely
used models to describe critical behaviors of several systems in nature. Recently,
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several extensions have been made in the spin-1/2 Ising model to describe a wide
variety of systems. For example, the models consisting of mixed-spins with differ-
ent magnitudes are interesting extensions, forming the so-called mixed-spin Ising
class. Beyond that, magnetic materials have numerous and important technolog-
ical applications: They find wide use in information storage devices, microwaves
communications systems, electric power transformers and dynamo and high-fidelity
speakers.!# Thus, in response to the increasing demands being placed on the per-
formance of magnetic solids, there has been a surge of interest in molecular-based
magnetic materials.>® Indeed, the discovery of these materials? has been one of
the advances in modern magnetism. Many magnetic materials have two types of
magnetic atoms regularly alternating which exhibit ferrimagnetism. In this context,
a good description of their physical properties is given by means of mixed-spin con-
figurations. The interest in studying magnetic properties of these materials is due
to their reduced translational symmetry rather than to their single-spin counter-
parts, since they consist of two interpenetrating sublattices. Thus, ferrimagnetic
materials are of great interest due to their possible technological applications and
from a fundamental point of view. These materials are modeled by mixed-spin Ising
models that can be built up by infinite combinations of different spins, where the
pairs constituted by spins with small values are the simplest: (1/2,1), (1/2,3/2),
(1,3/2), (1,5/2), (2,3/2), (2,5/2) and so on.

There are many studies on mixed-spin Ising systems aiming to explain the phys-
ical properties of disordered systems. In this regard, there has been great interest in
the study of magnetic properties of systems formed by two sublattices with different
spins and crystal-fields interactions.'® Theoretically, such systems have been widely
studied by a variety of methods e.g., effective-field theory,'' 2° mean-field approx-
imation,?' 23 renormalization-group technique,?* numerical simulations based on
Monte Carlo?® 34 and exact recursion equations.?> 37 A more recent interest is to
extend such investigations into a more general mixed-spin Ising model with one
constituent spin-1 and the other constituent spin-7/2. In this context, Hadey>® pre-
sented a mean-field theory based on the Bogoliubov inequality for Gibbs free-energy
study to elucidate only crystal-fields and longitudinal field effects on the thermo-
dynamic quantities particularly on the existence and induction of compensation
temperatures.

In this paper, we adopt the exact recursion equations technique for the study of
temperature phase diagrams of the mixed spin-1 and spin-7/2 Blume-Capel (BC)
Ising model with two different crystal-fields on the Bethe lattice (BL). The purpose
of this work is to clarify the influences of the two crystal-fields on the physical
properties of the model.

The outline of this work is arranged as follows. In Sec. 2, the formulation of the
model on the BL is specified and all the thermodynamical quantities of interest are
calculated in terms of recursion relations. In the next section, a brief definition of
the critical temperatures of the model is given. The illustrations and discussions
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of the numerical results are presented in Sec. 4. The last section is devoted to the
conclusion.

2. Description of the Model on the Bethe Lattice

The mixed-spins system on the BL is shown in Fig. 1. We consider the mixed spin-1
and spin-7/2 system consisting of two sublattices A and B. The sites of sublattice A
are occupied by atoms of spins S;, where S; = +1 and 0. Those of the sublattice B
are occupied by atoms of spins o, where o; = £(7/2), £(5/2), £(3/2) and £(1/2).
In our case, the BL is arranged such that the central spin is spin-1 and the next
generation spin is spin-7/2 and so on to infinity. Thus, the Ising Hamiltonian of
such model on the BL may be written as

H:—JZUjSz'—DAZSiQ—DBZU?7 (1)
(i.) : g

J < 0 is the bilinear exchange coupling interaction strength. D4 and Dp are the
single-ion anisotropies or the crystal-fields acting on spins of sublattices A and B
respectively.

In order to formulate the problem on the BL, the partition function is the main
ingredient which is given as

Z=Z(375H:Zexp 8 JZUjSi—l—DAZSf—l—DBZU? . (2)
(i.4) i J

o3 o3 G3

G3

c3 o3

Fig. 1. The mixed-spin Ising model consisting of two different magnetic atoms with spins values
s; = 1 and oj = 7/2 respectively defined on the BL with coordination number ¢ = 3.
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If the BL is cut at the central spin Sy, it splits into ¢ disconnected pieces. So, the
partition function on the BL can be written as

Z = exp(BDaS3)g(S0) (3)
So

where Sy is the central spin value of the lattice, g,(Sy) the partition function of
an individual branch and the suffix n represents the fact that the sub-tree has
n shells, i.e., n steps from the root to the boundary sites. If we continue to cut
the BL on the sites 01 and S5 which are respectively the nearest and next near-
est of the central spin Sp, we can obtain the recurrence relations for g,(Sp) and

gn—1(01) as

0) = Y exp[B(JSoo1 + Dpo?)][gn-1(01))]" ", (4)
{o1}

gn-1(01) = Y exp[B(JS201 + DaS3)][gn-2(52))]*" . ()
{S2}

Now, we can explicitly calculate for example, some g¢,(Sy) and g¢,—1(o1)
given by

gn(£1) = > expB(+Jo1 + Dpo?)l[gn-1(01))]* "
{o1}

7J 49 7 q71 7J 49 _7 q71
P ES+FDB) 1 | = + PFFTHTDE) 1 | —
2 2
51, 25 5\19" -5
+PEFHEDs) g (2 + PEFSHEDE) | (22
2 2
3\1¢!
+PEF D) g (2 + PFE+EDE) |, -3
" 2 2
1\
+ BEE+1D5) [gn_l (_ﬂ o BFS+1Dn) { . (—_ﬂ
2 2

It <i;> _{bZ}eXp [ﬂ <i—7JS2 + DASQ):| [Gn—2(52))]9 "

SEFTDA g, o (1)]971 4 SEFHD g, o (~1)]971 4 g275(0). (7)

After calculating all the ¢,,(Sy) and g,,—1(01), we can define the recursion relations
for the spin-1 as

Y, = Zy = (8)
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and for the spin-7/2 as

wl5) o m(5)
n—11\| 5~ n—1\ 5
2 2
Anq = 1\ B, = 1\
In—1 9 In—1 2
w(3) (3
n—11\| 5~ n—1\ 5
2 2
Cn—l = 7_1; Dn—l - 7_1;
In—1 9 In—1 2
e i (5)
n—1173 n—1\ 5~
2 2
Eny=——=5 = —73
In—1 9 In—1 2

To investigate our model, we define two order-parameters, the magnetization M
and the corresponding quadrupolar moment . For the sublattice A, the order-
parameters are respectively defined by

My =2;" Z Soexp(BDaS2)gl(So),
{So}

Qa=2Z;">  S§exp(BDaS)gl(So) -
{So}

After some mathematical calculations, the two order-parameters are expicitly cal-
culated as:

(10)

AT DY+ Z3) +1°

BDa)(ya 4 74

e

QA _ 5 (q n - n) . (12)
e(B A)(Yn —+ Zn) +1

In the same way, we also calculate the two order-parameters for the sublattice B
as follows:
Mp

MY

Mp = XB
Q%

0

where
MI/B = 73(%6D3)(A3171 - BZ%) + 56(%6133)(0271 - Dng1)
+3€(%,BDB)(E271 — ngl) —+ e(%'BDB)(GZ,I - 1) ) (13)
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MY = 2e(F8P8) (AT 4 BT )4 2eF0PE) (O 4 DI )

+2eEPPE) (B + FI_ )+ 2 5P2)(GI_| +1), (14)
Q= 49e(FOPE) (AL 1+ BT ) 4 25e(F0PE) (0 4+ D))

+9eEAPE)(EY_ 4 FI_ )+ e3PPB) (G, + 1), (15)
QY = 4eCFAPB) (A7 | 4 BT ) 4+ 4eFFPE)(CI_ 4+ DI _))

+4eGPPE) (B 4 FT ) 4GP (GL | 1 1). (16)

In order to calculate the compensation temperature, one has to define the global
magnetization Myt of the model which is given by

Ma+ Mp

Mnet = f . (17)

3. Definition of the Critical Temperatures

The most common phase transitions are of second-order or first-order type for all
kinds of systems.

The Curie temperature or second-order transitions temperature T, is the tem-
perature at which both sublattice magnetizations and the global magnetization
cancel continuously. T separates the ordered ferrimagnetic phase (F') from the dis-
ordered paramagnetic phase (P). At the Curie temperature, one can obtain the
explicit expressions of the recursion relations given by:

For the spin-1 as

where

Y, = e T2 cosh ( /BJ) Al 1 2555 cosh (5/8—J) cit

2 n—1
J J _
teT TP cosh( 35 )Eq 1+e = cosh(ﬁ2 )GZ_ll,
YO:2(64953A21ﬁ+e25fBCZ:{+e TE e 4BG‘1,1)

and for the spin-7/2 as:

eP4 cosh (m%) Yo l+1

Ap 1 =Bp 1=
eP4 cosh <B7J) N |

: (19)
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eP4 cosh ( 6J> Y~ L4

Cn—l = Dn—l = 5 (20)
eP4 cosh <B7J> N |
eP4 cosh (%TJ) Yit+1

Ey 1 =F,1= (21)

ePa cosh (6—2']> vt 41

In addition to the thermal variations of the order-parameters and the global mag-
netization of the model, we also need to calculate and analyze the free-energy F’ of
the model in order to identify the first-order transitions temperature 73. So, using
the definition of the free-energy F' = —kT log(Z) in the thermodynamic limit as
(n — 00) we expicitly obtain in terms of recursion relations as it is done in Refs. 39
and 40:

1
— B{ln[eﬁ(DA)Yrg—l + eB(DA—)Zz_l + 1]}

1 1 49 Dp 1
- = Infe — 4P )BI~
5{2—q
_|_e/5( B)Cq T +6ﬁ( B)Dq 1
+e (QDB)Eq 1 _ +e (QZB)F;%:%
+ PG +eﬁ(’7TB>]} . (22)

We also investigate the compensation temperature T¢omp at which the global mag-
netization cancels while both of the sublattice magnetizations do not cancel. Tcomp
is found by locating the crossing point of sublattice magnetizations curves i.e.,

MA( comp) - _MB( comp) (23)

By making use of the different definitions of the critical temperatures, we are now
ready to study the thermal variations of the calculated thermodynamical quantities
and display the temperature phase diagrams of the model on all planes of interest.

4. Numerical Results and Discussions

In this section, we present and discuss the results we obtained for the thermal be-
haviors of the order-parameters and the temperature phase diagrams of the model.
For this, we start discussions of the phase diagram at T' = 0 which is very useful
for the understanding of the obtained temperature phase diagrams.
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4.1. Ground-state phase diagram

Before proceeding to the discussions of the numerical results for the temperature-
dependence of the magnetic properties of the model, we analytically investigate
first the ground-state phase diagram. The ground-state structure of the model can
be found by comparing the values of the energy Ey for different spin configurations.
FEy may be written as
1

qlJ|
Because of the ferrimagnetic coupling J, we only find six possible pairs of spins
namely Oy (£1, F(7/2), 1, 49/4), Os(£1, F(5/2), 1, 25/4), Os(£1, F(3/2), 1, 9/4),
O4(£1, F(1/2), 1, 1/4), D1(0, 0, 0, 49/4) and D2(0, 0, 0, 1/4). Computational
analysis of the corresponding energies in the reduced crystal-fields plane (Da/q|J|
and Dp/q|J|) yields the phase diagram displayed in Fig. 2. The energies and the
conditions for the occurence of the six possible states are shown in Table 1. This
diagram shows some key features, in particular, the existence of four points (A4,
B, C and D) and coexistence lines where the spin pair energy of some phases
coincides. For a given value of ¢ and for D4 /|J| > —(q/2), along the Dg/q|J|-
axis, seven saturation values exist for Mp whereas for My, £1 is the only one
value. Thus, we get the thermodynamic phases O1, Oz, O3 and O4 and at the
borders of these phases, three hybrid phases: (£1, F3, 1, 9), (£1, F2 .1, 4) and
(£1, F1, 1, 1) at the coexistence lines Dp/|J| = —(4¢/25), Dp/|J| = —(¢/4) and

Ey = so (DA52 + DBO'Q) . (24)

0.4
% i ]
a
02— —
Dl
L 0, i
0 A(-35;0) -
D,=-7qlIl/2 - 12Dy
B (-1.5;-0.16)
-02 - D=-5ql/2 - 6D 5 02 m
C(-1;-0.25)
D, D,=-3 qlll2 - 2D, o
04 3
B D (-0.5;-0.5)
0.6 — O4 -
| | | | | | | |
-6 -5 4 -3 -2 -1 0 1 2
DyqlJl

Fig. 2. Ground-state phase diagram of the mixed spin-1 and spin-7/2 Ising ferrimagnetic model
with two different single-ion anisotropies D4 and Dp. Four-ordered phases (O1, Oz, Oz and Oy)
and two particular disordered phases (D1 and D2) exist. At the coexistence lines, three hybrid
phases may prevail (see text).
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Table 1. Energies and conditions for the occurrence of the six spin configurations at the ground-
state phase diagram for mixed spin-1 and spin-7/2 ferrimagnetic Ising model.

Spin Ground-state energy
configuration per site (Ep) of the state Conditions for occurence
49 49Dp TqJ
D1 (0,0,0, =2 - Da< -7 pp>o0
(0.00.%) = A< p,
1 1D TqJ 5qJ
Dy (o,o,o,—) e Da <=5 —12Dp, D4 < =225 — 6Dy,
4 8 2 2
3qJ J
Da <=2 —2pp,Da >
2 4
7 49 7qJ Da  49Dp 7qJ 7qJ qJ
Oy (+1,55,1,—) M2 =24 Da>-"Y py>-"9 19py Dy> -1
1( T 4) 4 2 8 A=TTy A=, B PA =g
5 25 5¢J Da 25Dp 5qJ qJ qJ
Os(+1,572,1,22) 242 _ZA Da>-22 _6pp, X <pp< -2
2( T3 4) 4 2 ) A= BTy =TE="T
3.9 3¢J Da 9Dp qJ qJ 3qJ
O3 (+1,72,1,2) 2L _~ZA4 7B e pp< - py>_22 _9p
3( 3 4) 1 2 8 2 — B =T AT B
1 1 qJ Dy Dp qJ qJ
O4(+1,¥-,1,-) L _=A_ZB Dp>-1 py<®
4( T3 4) 4 2 8 B="rgn A=y

Dg/|J| = —(q/2) respectively. These hybrid phases should correspond to the cases
where the sublattice B is half-half covered by spins of the two neighboring phases.
It is worthwhile to mention that the diagram also shows two particular disordered
phases D; and Ds. For the phase D; for example, M4 = 0 and one half of the
sublattice B is covered by spin in state 7/2 whereas the other half is covered by spin
in state —(7/2), so Mp = 0. Similar structure is observed for the disordered phase
D,. We also note that the disordered phases (0,0, 0, (25/4)) and (0, 0,0, (9/4)) are
not found during our investigation. Indeed, by comparing different values of Ey for
the different spin configurations, for Dp < 0, the disordered phase Dy may prevail
whereas for Dg > 0, the disordered phase D is more favorable. It is important
to indicate that the ground-state phase diagram is very useful because it helps to
check the reliability of the theoretical results and to classify the different phase
regions of the model for the phase diagrams at higher temperatures.

4.2. Thermal variations of the order-parameters

As it is explained previously, the thermal variations of the order-parameters for the
present model were obtained in terms of recursion relations. The thermal behaviors
of the order-parameters play a crucial role in obtaining the finite-temperature phase
diagrams of the system: When the magnetization curves go to zero continuously sep-
arating the ferrimagnetic phase from the paramagnetic phase, is the second-order
phase transition or Curie temperature, i.e., the temperature at which magnetiza-
tions become zero. In the case of jumps in the magnetization curves followed by
a discontinuity of the first derivative of the free-energy F’, one gets a first-order
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transition temperature. Besides these two critical temperatures, there is another
temperature called compensation temperature defined as the temperature where
the global magnetization becomes zero before the critical temperature. Therefore,
in order to identify the second-order and first-order transition lines and the com-
pensation lines, one has to study the thermal behaviors of the order-parameters.
Now, we can present some results concerning the thermal behaviors of the order-
parameters.

Figure 3 illustrates some thermal variations of the sublattice magnetizations
My and M7/, when ¢ = 3. In panel (a), we have depicted the thermal behaviors of
sublattice magnetizations M; at M7/, as functions of the temperature for selected
values of Dp/|J| when D,4/|J| = 1. The results are in perfect agreement with the
ground-state phase diagrams concerning the saturation values. Indeed, M; falls from
its unique saturation value +1 with increasing temperature whereas My, shows
seven saturation values. For other values of the coordination ¢, the behaviors of the
sublattice magnetizations M; and My, are quite similar. The Curie temperature
T. at which both magnetization curves go to zero increases with Dg/|J|. In panel
(b), we have represented typical sublattice magnetizations M; and My /5 curves for
four different values of D4 /|J| when Dp/|J| = 1. From this panel, one can observe
that both sublattice magnetizations show a unique saturation value and this is in
perfect agreement with the ground-state phase diagram. Also, we note that all the
curves are continuous and the Curie temperature T, at which the two magnetization
curves go to zero increases when D 4/].J| increases.

Figure 4 expresses also some interesting thermal behaviors of the order-
parameters for two values of the coordination number. From panels (a) to (d),
we have displayed results of the thermal variations of the four considered order-
parameters when ¢ = 3. In panel (a), by setting D4 = Dp = 3, one can remark
that the model shows only a second-order transition. Indeed from this panel, the
sublattice magnetizations My and My, fall respectively from their saturation val-
ues +1 and F(7/2), decrease as the temperature increases and simultaneously go
to zero at the Curie temperature T.. The quadrupolar moments @1 and @7/, fall
also from their saturation values 1 and 49/4 respectively and show little kinks at
T.. The second panel, i.e., panel (b) obtained for Dg = 0 and D 4 = 8.4 shows that
the model exhibits only first-order transitions at Ty where all the order-parameters
present jump discontinuities. In panel (c) displayed for D4 = —3 and D = —0.65,
we note that the system shows both first-order and second-order transitions. The
panel (d) obtained for D4 = 0 and Dp = —1.499 shows that the order-parameters
present similar thermal behaviors to those obtained in panel (a). The interesting
result here concerned is, the thermal variations of the global magnetization My
of the system as a function of the temperatures shown in the inset (i) of panel (d).
The global magnetization cancels twice before going to the Curie temperature 7.
Here, the two compensation temperatures are respectively Tcomp, /|J| >~ 0.42 and
Teomp,/|J| =~ 1.01. This indicates that the model shows one or two compensation
temperatures. Our result concerning the existence of the compensation tempera-
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2

D/l = 1.0 -

1.0

2 3 4 5 6
kBT/|J|
2 T T I T 7

Ko/l

Fig. 3. Sublattice magnetizations of the model as functions of the reduced temperature kT'/|J]|
when ¢ = 3 for various values of the crystal-fields interactions. Panel (a): Curves are displayed
for D4 /|J| = 1.0 and selected values of Dp/|J| indicated on the curves. Panel (b): Curves are
displayed for Dp/|J| = 1.0 and selected values of D 4/|J| indicated on the curves.

tures is in perfect agreement with Ref. 38 where the same model is studied. By
means of standard MC simulations with the usual Metropolis algorithm*! on a
relatively small system of 32 x 32 lattice sizes with periodic boundary conditions,
the previous results have been checked for ¢ = 4, Dy = 0 and D = —1.992. A
number of 5-10° MC steps and 6 independent runs are preformed. Physical quan-
tities of interest are calculated after the system reaches a thermal equilibrium at
the considered temperature. As indicated in the inset (ii) of panel (d), two compen-
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Fig. 4.

DVU=DylI=30 L Dyss
10 = 2712 - 10 9p _
(@) (b)
Ml. Ql = M,:Q,
0 : 0= S—
________ T T
-5 Myl L =31 o s gy 1 a3
0 K] 6 0 05y ! L5
8 RN B DylI|=Dy/ 1| =-2.002
6 Q7/2 DyJJ| =-3.0] Q7 ........ A DB ...................
TeDyF-06s) 02 -]
41— (c) S — o Ql (e)
2 B M1
1= /T,
ol T T . |
M35
|q=4
. 0.4
kgl/|J|
DA|/|J|=0.0

Dy/|J|=-1.499

00.4 9.8 1.2

I
o8}

1.6

ke

Thermal variations of sublattice magnetizations and corresponding quadrupolar moments
are calculated for ¢ = 3 and 4 and for various values of the reduced crystal-fields as shown in the
figures from panel (a) to panel (e). T, Tt and Teomp indicate respectively the second-order, first-
order and compensation temperatures. Values of the physical parameters considered for the system

are indicated in different panels.
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sation points are also recovered. Extensive simulations and larger system sizes are
certainly needed to get more accurate quantitative results. Since the BL approach
neglects spin correlations that are important close to the Curie temperature, one
may not expect to get quantitative agreement with results displayed in the inset
(). The last panel, where the calculations are made for D4 = Dp = —2.002 and
q = 4, shows that the present model can exhibit also two Curie temperatures T,
and T, respectively where the quadrupolar moments present little kinks. Figure 4
presents some similarities with Fig. 2 of Ref. 37.

To show how the crystal-fields affect the thermal behaviors of the global magne-
tization, we have displayed in Fig. 5, the thermal behaviors of the global magneti-
zation for selected values of the crystal-fields when ¢ = 3. We have only illustrated
the case ¢ = 3 due to similarities with other cases. We used the extended Néel
classification®?43 to refer to different types temperature-dependence of the global
magnetization. The thermal variations of the global magnetization has been found
to be of R-, S-, Q- and P-type.

0.3  — ]
0.25 DVE=00"_1" 95 DI=00  —
2 D/l =-20 - D/ =-1.3 n
= 02 z0.2 —
0.15 0.15 S -type _
0.1+ 0.1
(a)
0.05 0.05
| | | 0
0.
kT 0.5 0
0.3 T T T 0.4 L I
0.25 © (d) 7
0.3 _]
2 0.2 DYl =0.0 22 DI =0.0 |
= MI=-1.0 -
0.15 Dg ool DeWl=o0s7 |
-type .
01l @ 0 Poispe )
0.05 |
I IR N [ R B
0 0
0 0.5 1 1.5 2 0 0.5 1 1.5 2
kg T/l k T/

Fig. 5. Thermal variations of the global magnetization of the model for ¢ = 3. Values of the
physical parameters considered for the system are indicated in different panels.
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4.3. Finite-temperature phase diagrams

After all the calculations, we can illustrate the temperature phase diagrams of the
model. First, we have displayed the phase diagrams for Dy = Dp = D on the
(D/|J|,kT/|J|) planes when ¢ = 3,4 and 6 (Fig. 6). Second, the finite-temperature

k T/l

| ! | ! | !
0 -1 0 Dl 1 2

I I I I
81—a=4 (b)

KT/

-1.98]1.95
pmr 1 2

-1 D/l 0

Fig. 6. Temperature phase diagrams for D4 = Dp = D and ¢ = 3,4 and 6 in the (D/|J]
and kT'/|J|) planes. The solid, dashed, dotted lines and filled triangles indicate respectively the
second-order transition line, the first-order transition line, the compensation line and the tricritical
points. Panel (a): ¢ = 3; panel (b): ¢ = 4 and panel (c): ¢ = 6. Here, the model presents tricritical
behaviors in the case ¢ = 6 and compensation lines are unclosed loops for all values of g.
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phase diagrams are obtained respectively on the (Da/|J| and kT/|J|) plane for
selected values of Dp/|J| (Fig. 7) and on the (Dp/|J| and kT /|J|) plane for selected
values of D4/|J| (Figs. 8 and 9) when ¢ = 3.

The first phase diagrams obtained on the (D/|J| and kT/|J|) planes are dis-
played in Fig. 6. From this figure, some interesting properties of the system are
singled out. Indeed for all value of the coordination number ¢, the compensation
lines are unclosed loops which are obtained by the collection of the compensation
temperatures. The transition lines are only of the second-order, separate the ferri-
magnetic phase (F') from the paramagnetic phase (P) and go to the zero tempera-
ture at D/|J| = —(q/2) when g = 3 or 4. For ¢ = 6, the model shows a tricritical
point located by (D/|J| ~ —2.99, kT'/|.J| ~ 0.55) and the first-order transition line
existing at very low temperatures goes also to zero temperature at D/|J| = —(¢/2).
It is important to indicate that the Curie temperature at which the second-order
transition occurs increases with the coordination number q.

In Fig. 7, the phase diagram is given at fixed values of Dp/|J| and varying
values of D4 /|J|. When Dpg/|J| > 0, all transition lines are of the second-order
transition. All of them go to the zero temperature at the value D4/|J| = —(7¢/2).
On the ground-state phase diagram in Fig. 2, this value of Dy4/|J| lies in the
boundary between the ordered phase O; and the disordered phase D;. For —(¢/2) <

I%T/IJ I

DY

Fig. 7. Temperature phase diagram in the (D 4/|J| and kgT/|J|) plane at fixed values of Dp/|.J|
is only illustrated for ¢ = 3 due to the similarities with other cases. The solid, dashed, dotted lines
and filled triangles indicate respectively the second-order transition line, the first-order transition
line, the compensation line and the tricritical points. For Dg/|J| > 0 and Dg/|J| < —(g/2), all
the transition lines are of second-order. For other values of Dp/|J|, the model shows tricritical
behaviors which means the existence of tricritical points.
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6 T T T T T T T
q=3

DI - 4

kBT/IJI

DBIIJI

Fig. 8. Temperature phase diagram in the (Dpg/|J| and kgT/|J|) plane at fixed values of D 4/|J|
illustrated only for ¢ = 3 due to the presence of similarities with other cases when D4 /|J| > 0.
The solid, dashed, dotted lines and filled triangles indicate respectively the second-order transition
line, the first-order transition line, the compensation line and the tricritical points.

Dg/|J] <0, the model shows tricritical behaviors which means that in this domain,
the second-order transition line is connected to the first-order transition line at
tricritical point. Indeed, when —(4¢/25) < Dp/|J| < 0, the first-order transition
line goes to zero temperature at a value of D4/|J| corresponding to Da/|J| =
—12Dp/|J| — (7¢q/2), which also lies on the boundary of the phases O; and Dj in
the ground-state phase diagram. When —(q/4) < Dp/|J| < —(4¢/25), the first-
order transition line goes to zero temperature at a value of D4 /|J| corresponding
to Da/|J| = —6Dpg/|J|—(5q/2), which again lies on the boundary of the phases O
and D in the ground-state phase diagram. When —(¢/2) < Dp/|J| < —(q/4), the
first-order transition goes to zero temperature at a value of D4 /|J| corresponding
to Da/|J| = —2Dp/|J| — (3¢/2), which is on the boundary of the phases O
and Dy in the ground-state phase diagram. Finally, when Dg/|J| < —(gq/2), the
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Fig. 9. Temperature phase diagram in the (Dp/|J| and kpT/|J|) plane at fixed values of D 4/|J|
illustrated only for ¢ = 3 due to the presence of similarities with other cases when D4/|J| < 0.
The solid, dashed, dotted lines and filled triangles indicate respectively the second-order transition
line, the first-order transition line, the compensation line and the tricritical points.

system exhibits only second-order transition and all the transition lines go to zero
temperature at a same value of D 4/|J| = —(¢/2) which is also on the ground-state
phase diagram, the boundary between the ordered phase O4 and the disordered
phase Ds. Such behaviors concerning the transition lines have been observed in
Ref. 37.

The last phase diagrams are displayed for selected values of D 4/|J| and varying
values of Dp/|J| as shown in Figs. 8-9. From these figures, one can observe that
for Da/|J| > —(37¢/75), the model exhibits only second-order transition and all
the transition lines are constant at low temperature. Also, one can note that the
model shows compensation points. For —(2¢/3) < Da/|J| < —(37¢/75), the system
exhibits only second-order transition. For —(7¢/2) < D4/|J| < —(2¢/3), the model
presents tricritical behaviors which means that the second-order transition line is
connected to first-order transition line at tricritical point.
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5. Conclusion

In this paper, we have studied the molecular magnetism of the mixed spin-1 and
spin-7/2 BC Ising ferrimagnetic model on the BL by means of exact recursion
equations method. All the thermodynamical functions of interest are obtained in
terms of recursion equations.

The ground-state phase diagram of the model was constructed as shown in
Fig. 2. In this phase diagram, we have found four-ordered phases (O1, Oz, O3, Oy4),
two particular disordered phases (D;,D2) and three hybrid phases near the co-
existence lines. This ground-state phase diagram is used as a guide in obtaining the
different temperature phase diagrams. We also investigated the thermal variations
of the sublattice magnetizations, the corresponding quadrupolar moments and the
global magnetization of the model which are shown in Figs. 3-5. From these figures,
the order-parameters showed in most cases, the usual decay with thermal fluctua-
tions. By using the thermal behaviors of the considered order-parameters and the
analysis of the free-energy, the nature of the different phase transitions encoun-
tered is identified. This enables us to present and discuss in detail the different
finite-temperature phase diagrams in the cases of equal and unequal crystal-fields
interactions as shown in Figs. 6-9. We have found that the model presents very
rich critical behaviors, which include first-order and second-order transitions as
well as tricritical points in the physical parameters’ space. We have also found that
the model displays the compensation phenomenon where the compensation points
were identified for appropriate values of the crystal-fields interactions.

Finally, we should mention that the different results achieved here bear some
topological resemblances with those reported in Refs. 37 and 38.
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