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The static/dynamic analysis of the thin plate is of great importance in engineering problems. Based on the
complexity of the problem, only for some important cases of boundary conditions, analytical solutions were
derived. While in general case, numerical approaches should be implemented to solve the problem. The
discrete singular convolution (DSC) technique is one of the most accurate methods. Until now, this method
is difficult to be used for the determination of the static and dynamic responses for plates with semi-rigid
boundary conditions. Based on the fact that DSC method using the Taylor approach (DSC-T) is recently used for
the analysis of the free vibration of free and semi-rigid edges rectangular plate, this study aims to extend the
application of the DSC-T methods to the static and dynamic analysis of the thin rectangular plate restrained
with the dowels and resting on elastic foundation. The DSC-T approach is extended to the resolution of the
static case of a dowelled plate, and with the combination of the Newmark scheme, to the case of the dynamic
load. The results showed the applicability of the studied method for the determination of static and dynamic
responses of the plates. Besides, it is shown that there is a linear relationship between the value of the depth
and the decrement of the modified Vlasov soil. The value of the logarithmic decrement of the soil is highly
influenced by the thickness of the plate namely for membranes and very thin plates. The DSC-T method could
be recommended for the engineering design of a variety of civil structures.
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1. Introduction

Plates and shells elements have wide applications in practi-
cal engineering problems such as aeronautics, biomechan-
ics, petrochemicals, marine industry, mechanics, and civil
engineering [1]. During various events such as earthquakes,
nuclear explosions, and traffic loadings, these structures
may be subjected to transient loads and/or large ampli-
tudes of motion. The dynamic behavior of such thin-walled
elements is of great importance in many of the engineering
applications, especially for the case of resting on an elas-
tic foundation [2–5]. Due to limitations for the analytical

solution, numerical approaches are the most widely used
methods for handling these elements [2, 6–10]. In the liter-
ature, many methods have been employed to resolve the
issue pertaining to governing equations of plates resting
on an elastic foundation that are subjected to dynamic load.
However, these methods were selected based on the form
of the governing equation and mainly on the form of the
boundary conditions (BCs).

The discrete singular convolution (DSC) method is a
rather interesting method to solve plate problems on the
soil [2]. It is one of the most accurate and widely used
methods to determine the frequencies and even deflections
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of a plate [6, 8, 11].

Due to the high accuracy of the DSC method, many
researchers have worked towards extending its application
[6, 12–14]. However, implementing boundary conditions
using strong-form methods, such as the DSC method, is
not an easy task though important [2]. The major problem
associated with the DSC method is the presence of fictitious
points that increase the number of unknown parameters.
The well-known method to take into account the boundary
conditions is the symmetric extension, which is mainly
used to apply the simply supported boundary conditions
[8, 12, 15]. However, for the cases of semi-rigid, free or
general boundary conditions they have deficiencies and
may encounter problems [2, 6, 13, 16].

To resolve this issue, Wang et al. have implemented Tay-
lor series expansion for thin isotropic and anisotropic plates
where the boundary conditions are free edges [11, 13, 16].
However, due to neglection of the DOF of the mixed deriva-
tives, some accuracy and instability issues have happened.
Wang and Yuan [6] have proposed conditions for each cor-
ner of the investigated plate to avoid free corner conditions.
The final outcome from their study was the accuracy and
applicability of the Taylor series expansion for the cases
of arbitrary boundary conditions. This approach has been
used by Gibigaye et al. [2] for the case of a rectangular plate
resting on a modified Vlasov soil type. They showed that
the DSC method, along with Taylor’s approach (DSC-T), is
accurate, and is recommended for the dynamic analysis of
such plates.

To analyze the dynamic deflection of plates, the DSC
method is generally coupled with another method such as
differential quadrature (DQ) and harmonically differential
quadrature (HDQ) [1]. For time integration, the Runge
Kutta and Newmark Scheme are often used along with
strong-form methods such as DQM [17–21] and DSC [22].
To model, the dynamic behavior of thin plates based on a
modified elastic Vlasov soil type, different time-step inte-
gration methods [23] such as Runge-Kutta (RK) [24, 25] or
Newmark (NM) [26] are developed. These two methods
are often implemented to calculate linear and non-linear
transient responses in mechanical systems. However, they
are expensive in terms of calculation time due to the in-
herent disadvantages of each method. Among the family
of RK methods, the explicit order-4 scheme (RK4) is the
most widely used and is initially used to solve ordinary
order-one differential systems. As this one expresses the
current state of the system based on its previous state, it is
easy to implement. For example, Yang et al. [22] used RK4
to compare the DSC algorithm and the Pseudo Spectral
Fourier (FPS) method in solving partial differential equa-

tions. However, the time step must be small enough to
satisfy the stability condition. Moreover, the size of the
system of equations of the dynamic problem is doubled
because the system is decomposed into two systems of
differential equations of the first order.

The Newmark Method (NM) is a practical method for
extremely complex problems. Its results can be sufficiently
accurate, even with a time step greater than that of the
explicit diagrams for the linear case [27]. However, the
need to invert the matrices at each time step penalizes the
computation time. Furthermore, non-linearities are often
present in the dynamics of mechanical systems, leading to
changes in the stability of NM schemes, i.e. unconditional
convergence cannot be imposed.

As the governing equation to be solved is linear, the
NM proves to be the most appropriate method in this re-
gard, especially as it allows the numerical resolution of
second-order differential equations. It is suitable for linear
differential systems with a mass matrix and applied force
that can depend on both position and time.

This study aims to investigate the effects of the stiffness
of the surrounding soil, the thickness of the plate and the
depth of the subsoil on the dynamic response of a rectan-
gular thin plate on an elastic foundation. The foundation
is a modified Vlasov soil type. To this aim, the application
of Taylor series expansion approach has been extended for
static/dynamic analyses of the case of dowelled rectangu-
lar plates. It was assumed that all edges were elastically
restrained using a coupled DSC-T/β-Newmark method.
The results of the study are of great importance in rigid
pavement modeling, analysis, and design.

2. Modeling of the Soil-Plate System

Figure 1 shows a rectangular thin plate which is isotropic in
nature with dimensions of a, b and h, resting on a modified
Vlasov soil foundation is depicted in Figure 1. Equation 1
formulates the transverse deflection of the Kirchhoff plate
considering the reduced damping of the system and mass
of soil [2].

D∇4w(x, y, t) + kow(x, y, t)− co∇2w(x, y, t)

+c ∂w(x,y,t)
∂t + (ρh + mo)

∂2w(x,y,t)
∂t2 = P(x, y, t)

(1)

In Equation 1, w(x, y, t) = w(x, y, 0, t). The deflec-
tion of the Kirchhoff plate represents the deflection of
the coupled plate-soil system; where W(x, y, z, t) indi-
cates the deflection inside the soil layer, which can be
defined as w(x, y, z, t) = w(x, y, 0, t)φ(z), and φ(z) =

sinh
[
γ
(

1− z
Hs

)]
/ sinh γ, and is a vertical decay function

of soil that must verify whether φ(0) = 1 and φ (HS) = 0.
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Fig. 1. Modelling of a dowelled plate resting on an elastic
foundation.

P(x, y, t) = Po

[
1 + 1

2 cos(ωt)
]

δ[x − x(t)]δ[y − y(t)] is
the load transmitted to the rectangular plate. Here, x(t) =
vot + 1

2 acc
(
t2) and y(t) = 1/2b denote the geometrical

position of the load at time t. The magnitude of the mov-
ing load is presented by P0. acc and ω representing the
acceleration and angular frequency of the moving load,
respectively. δ is the Dirac function. The dimensions of the
plate are assumed as a and b, and the flexural stiffness of
the element is given by D.

D = Eh3/
(
12
(
1− v2)) is the flexural rigidity of the

plate. E, v and h represent the Young’s Modulus, the Pois-
son’s ratio and thickness of the plate, respectively. k0, c0,
and m0 are integral characteristics of compression, shearing
and linear reduced mass of the foundation soil, which is
assumed to be homogeneous and mono-layered. They are
expressed as follows [2–4]:

ko = Eo
1−v2

0

∫ Hs
0 [φ′(z)]2 dz

= Eo
2Hs(1−v2

o)
γ(γ+sinh γ cosh γ)

(sinh γ)2

(2)

co = Eo
4(1+vo)

∫ Hs
0 [φ(z)]2dz

= Eo Hs
8(1+vo)

(sinh γ cosh γ−γ)
γ(sinh γ)2

(3)

mo = m
∫ Hg

0
[φ(z)]2dz =

mHS(sinh γ cosh γ− γ)

2γ(sinh γ)2 (4)

In equations 3 and 4, the effective depth of the foun-
dation that is activated dynamically is shown by HS , the
subgrade density is shown by m, and γ is a constant rep-
resenting the logarithmic decrement of the soil and aids in
determining the rate of decrease of the deflections based on
the depth of the soil. E0 represents the Young’s Modulus,
and v0 represents the Poisson’s ratio.

The BCs in Figure 1 are formulated as follows:

• An array of four generalized equations (5a-5d) were
used to model the elastic vertical translation restriction:

Vx=0 = −D
[

∂3w(0,y,t)
∂x3 + (2− v) ∂3w(0,y,t)

∂x∂y2

]
= (kSsoll + ksx1)w(0, y, t)

(5a)

Vx=a = D
[

∂3w(a,y,t)
∂x3 + (2− v) ∂3w(a,y,t)

∂x∂y2

]
= (kssoll + ksx2)w(a, y, t)

(5b)

Vy=0 = −D
[

∂3w(x,0,t)
∂y3 + (2− v) ∂3w(x,0,t)

∂y∂x2

]
=
(
kSsoll + ksy1

)
w(x, 0, t)

(5c)

Vy=b = D
[

∂3w(x,b,t)
∂y3 + (2− v) ∂3w(x,b,t)

∂y∂x2

]
=
(
kssoll + ksy2

)
w(x, b, t)

(5d)

In the above equations, ksx1, ksx2, ksy1, ksy2 represent
the elastic vertical translation stiffness, whereas Vx, Vy

representing the vertical shear forces of the plate, and
kssoil =

√
k0c0 is the elastic vertical translational stiff-

ness caused by the surrounding soil [28].

• Equations (6a-6d) were used to model the elastic rota-
tion restriction:

Mx=0 = −D
[

∂2w(0,y,t)
∂x2 + v ∂2w(0,y,t)

∂y2

]
= (krsoll + krx1)

∂w(0,y,t)
∂x

(6a)

Mx=a = D
[

∂2w(a,y,t)
∂x2 + v ∂2w(a,y,t)

∂y2

]
= (krsoll + krx2)

∂w(a,y,t)
∂x

(6b)

My=0 = −D
[

∂2w(x,0,t)
∂y2 + v ∂2w(x,0,t)

∂x2

]
=
(
krsol + kry1

) ∂w(x,0,t)
∂y

(6c)

My=b = D
[

∂2w(x,b,t)
∂y2 + v ∂2w(x,b,t)

∂x2

]
=
(
krsoll + kry2

) ∂w(x,b,t)
∂y

(6d)

Mxy = −D(1− v) ∂2w(x,y,t)
∂x∂y

=
(
kxysoll + kxy

)
w(x, y, t)

(6e)

In the above equations, kx1, kx2, ky1, ky2 represent the
elastic rotational stiffness, whereas MX, MY represent-
ing the bending moments of the finite plate, and
krsal = 1/2

(
co
√

k0/c0
)

is the elastic rotational stiff-
ness caused by the surrounding soil [? ].

• The characterization of the elastic torsion at the corners
of the plate has been done by Equation 6e.

In the above equation, (x; y) are like {(x = 0; y =

0); (x = 0, y = b); (x = a, y = 0); (x = a; y = b)};
kxysoil = 3c0/8 represents the elastic torsional stiffness
at each corner of the plate caused by the surrounding soil
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[? ], and kxy represents the elastic torsional stiffness at each
corner of the plate. The initial conditions (t = 0s) have been
characterized as follows:

∂w(x, y, 0)
∂t

= w(x, y, 0) = 0 (7)

For generalization and simplicity, the following dimen-
sionless parameters are introduced:

X = x
a , Y =

y
b , W = w

h , β = a
b ; C = ca4

D11
; δ (x− x0) =

δ(X−X0)
a and δ (y− y0) =

δ(Y−Y0)
b

Equation 1 then takes the following form:

∂4W
∂X4 + 2β2 (D12+2D66)

D11

∂4W
∂X2∂Y2 + β4 D22

D11

∂4W
∂Y4 + k0a4

D11
W

−C0a2

D11

(
∂2W
∂X2 + β2 ∂2W

∂Y2

)
+

C ∂W
∂t + (ρh+m0)a4

D11

∂2W
∂t2

=
po[1+ 1

2 cos(ω.t)]a2 β

Dh δ (X− X0) δ (Y−Y0)

(8)

The dynamic analysis of the plate, as described in Figure
1, can be conducted by solving Equation 8 using the bound-
ary conditions indicated by equations 5 and 6 and the initial
conditions presented in Equation 7. In the present study,
we combined the DSC method with the Taylor series expan-
sion to discretize in spatial dimension and the Newmark
scheme to iterate according to the time steps.

3. Solution procedure by coupled DSC and Taylor
series expansion

3.1. Static problem for DSC with Taylor Series Expan-
sion (DSC-T)

Let us take the static case of the problem posed in Figure 1.
The governing equation of this system has been presented
as follows:

D11
∂4w
∂x4 + 2 (D12 + 2D22)

∂4w
∂x2∂y2 + D22

∂4w
∂y4

+k0w− C0

(
∂2w
∂x2 + ∂2w

∂y2

)
= q(x, y)

(9)

In the above equation, q(x, y) represents the concen-
trated load, which is applied at the middle of the plate at
the point (x0, y0) , which can be represented as follows:

q(x, y) = Pδ (x− x0) δ (y− y0)

The dimensionless of Equation 9 can be represented as
follows:

D11
∂4w
∂x4 + 2 (D12 + 2D22)

∂4w
∂x2∂y2 + D22

∂4w
∂y4

+k0w− C0

(
∂2w
∂x2 + ∂2w

∂y2

)
= q(x, y)

(10)

As the properties of the Dirac delta function are in the
integral form [19], the DSC method cannot take into ac-
count the concerning problem. To overcome this difficulty,
previous authors [21, 29] have proposed an approximation
for the Dirac delta function with two spatial variables, as
shown in Figure 2. The Dirac delta approximation can be

Fig. 2. Equivalent forces at the corners representing a
concentrated load [19].

represented as follows:

δ (X− X0) δ (Y−Y0) =

1
(XR+XL)(YR+YL)(∆X∆Y)



XRYR;
(

Xt, Yj

)
XLYR;

(
Xt+1, Yj

)
XRYL;

(
Xi, Yj+1

)
XLYL;

(
Xi+1, Yj+1

)
0 otherwise

(11)

In the above equation,∆X and ∆Y represent the average
spacing of grid points in x and y directions, respectively.
This approach was used by Wang [29], and it produces
accurate results when ∆X → 0 and ∆Y → 0, i.e. when the
grid number increases.

3.2. Discretization of the thin rectangular plate by the
DSC-T

To cope with the BCs and the governing equations, the DSC
algorithm has been adopted. Equation 12 shows approx-
imated nth order derivative of a function W(x) using the
DSC algorithm, via a discretized convolution [13, 29–31]:

W(n)(x) ≈
M

∑
k=−M

δ
(n)
σ,∆ (x− xk)W (xk) (n = 1, 2, . . .)

(12)
In the above equation, the computational bandwidth is
2M+1, and xk (k = −M, ....,−1, 0, 1, ...M) represent uni-
formly distributed grid points. The superscript (n) denotes
the nth order derivative with respect to x . δ

(n)
σ,∆ (x− xk) is
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a collection symbol for the DSC kernels, and its nth order
derivative is represented by Equation 13:

δ
(n)
σ,∆ (x− xk) =

(
d

dx

)n
δσ,∆ (x− xk) , (n = 1, 2, . . . )

(13)
Due to the efficiency and accuracy of the regularised

Shannon’s delta sequence kernel (DSC-RSK), it is used for
the differential terms of the equation as shown in Equation
14.

δσ,∆ (x− xk) =
sin [π/∆ (x− xk)]

π/∆ (x− xk)
exp

[
− (x− xk)

2

2σ2

]
(14)

In the above equation, σ is a controllable parameter, and
∆ = xk − xk−1 represents the spacing between two grid
points. The parameter σ aids in determining the width of
the Gaussian envelope and often varies in association with
the grid spacing σ = r×∆ where r is a parameter chosen to
obtain a stable solution to the problem in the computation
stage.

Equation 15 shows a uniform grid considered in this
study:

0 = X0 < X1 < · · · < XN = 1 and ,
0 = Y0 < Y1 < · · · < YN = 1

(15)

To eliminate the fictitious points, and also handling gen-
eral BCs, a numerical algorithm should be provided. In
this work, the Taylor series expansion method [13] is used
to eliminate the M fictitious DOFs outside the physical do-
main of the plate. The Taylor series expansions for w(x)
and w(-x) at x0 was developed in earlier studies [2, 6]. They
have been listed as follows:

w(x) = w (xo) + w(1) (xo) (x− xo)

+ 1
2! w

(2) (xo) (x− xo)
2

+ 1
3! w

(3) (xo) (x− xo)
3 + 1

4! w
(4) (xo) (x− xo)

4 +

+ 1
5! w

(5) (xo) (x− xo)
5 + . . .

(16)

w[−(x)] = w (xo)−w(1) (xo) (x− xo)

+ 1
2! w

(2) (xo) (x− xo)
2

− 1
3! w

(3) (xo) (x− xo)
3 + 1

4! w
(4) (xo) (x− xo)

4 +

− 1
5! w

(5) (xo) (x− xo)
5 + . . .

(17)

According to a few authors [6, 11, 29, 32], the sum of
equations 16 and 17 is more accurate than their difference
for applying the boundary conditions by DSC. Thus, we
summed these equations and obtained, considering the
second and fourth-order derivative, respectively, equations
18 and 19.

w[−(x)] = −w(x) + 2w (xo)

+w(2) (xo) (x− xo)
2 x > xo

(18)

w[−(x)] = −w(x) + 2w (xo) + w(2) (xo) (x− xo)
2

+ 1
12 w(4) (xo) (x− xo)

4 x > xo
(19)

For the boundary value problems with second-order dif-
ferential equations, if only one additional DOF is needed,
then Equation 18 is used. For the case of two additional
degrees of freedom, Equation 19 can be used.

Instead of just using Equation 19, both equations 18 and
19 can be used for computational efficiency by eliminating
the DOFs on the M fictitious points outside the domain of
the plate. In the current study, this approach has been used
for general BCs.

To discretize Equation 10, we used the method pre-
sented by Wang and Yuan [6] and Gibigaye et al. [2]. For
the purpose of simplification, we only presented the deriva-
tion in direction x. We assumed that the computational
bandwidth 2M + 1 is less than or equal to N. Therefore, the
first M fictitious points only affect the first M equations,
and the last M fictitious points affect the last M equations.
After eliminating all DOFs at the fictitious points, the nth
order derivatives with respect to x for the DSC and their
“weighting coefficients” can be presented as Equation 20:

w(n) (xi) = ∑N
k=1 F(n)

i,k w (xk) + F(n)
i,N+1w(2) (x1) + F(n)

i,N+2

w(4) (x1) + F(n)
i,N+3w(2) (xN) + F(n)

i,N+4w(4) (xN)

w(n) (xi) = ∑N+4
k=1 F̃(n)

i,k w̃ (xk)

(20)

The parameters in the above equation are described as
follows:

F(n)
i,k =


C(n)

i,k−i + ∑2+M−i
k=2 2C(n)

i,2−k−i If, k = 1

C(n)
i,k − C(n)

i,2−k−i − C(n)
i,2N−k−iIf,k = 2, 3, . . . N− 1

C(n)
i,k−i + ∑N−1

k=2N−M−i 2C(n)
i,2N−k−i if, k = N

F(n)
i,N+1 = ∑2+M−i

k=2
1

12 C(n)
i,2−k−i (xk − x1)

2 ;

F(n)
i,N+2 = ∑2+M−i

k=2
1

12 C(n)
i,2−k−i (xk − x1)

4

F(n)
i,N+3 = ∑N−1

k=2N−M−i
1

12 C(n)
i,2N−k−i (xN − xk)

2 ;

F(n)
i,N+4 = ∑N−1

k=2N−M−i
1

12 C(n)
i,2N−k−i (xN − xk)

4

In the above equations, F(n)
i,j represent the weighting

coefficients of the nth order derivative with respect to x
at point xi = (i − 1)∆x . N represents the number of
grid points ∆x = 1/(N − 1) , and W̃ is apparent. These
variables are considered to be dimensionless. In case the
weighting coefficients of one dimension are known in the
above formulations, the static analysis of a rectangular thin
plate using the DSC-T approach cab be conducted directly.

In terms of DSC, Equation 10 at all grid points can be
expressed in the form of Equation 21:
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∑Nx+4
k=1 Dx

i,kW̃kj + 2β2 ∑Nx+4
k=1 ∑

Ny+4
l=1 Bx

i,kBy
j,lW̃kl

+β4 ∑
Ny+4
l=1 Dy

j,kW̃il + KrW̃ij+

Cr

(
∑Nx+4

l=1 Bx
i,kṼkj + β2 ∑

Ny+4
l=1 By

j,lW̃il

)

=
Pa2 β
Dh

1
(XR+XL)(YR+YL)(∆X∆Y)



XRYR;
(

Xi, Yj

)
XLYR;

(
Xi+1, Yj

)
XRYL;

(
Xi, Yj+1

)
XLYL;

(
Xi+1, Yj+1

)
0 otherwise

i = 1, 2, . . . , Nx; j = 1, 2, . . . , Ny
(21)

In the above equation,Dx
i,k, Dy

j,l , Bx
i,k and By

j,l are the

weighting coefficients of the 4th and 2nd -order derivatives
with respect to x or y; that are calculated using Equation
20. Nx and Ny are the number of grid points in x and y
directions. We chose Nx=Ny=N. The DOFs W̃kl contain
the following: i) the deflection W at all grid points, ii) its
second and fourth-order derivatives with respect to x or
y at all boundary points and iii) the mixed order deriva-
tives at the four corner points. Following this, we derived
(N + 4)x(N + 4) DOFs in total.

The governing equation is used at all NxN grid points.
To ease the programming effort and maintain accuracy, the
8N + 4 DOFs, involving the 2nh and 4th-order derivatives,
were considered as fictitious points outside the plate do-
main.

It should be noted that for convenience of program-
ming, additional grid points were introduced in Equation
12 which are not fictitious points. The remaining DOFs at
the corners are demonstrated to be null [6] for governing
equations of the isotropic and anisotropic thin plates.

To eliminate the DOFs at the fictitious points outside the
plate, the weighting coefficients of the 3rd - and 4th -order
derivatives are calculated using Equation 19 again. Instead
of using Equation 19, Equation 19 is used to formulate the
weighting coefficients of the 1st - and 2nd -order derivatives,
as follows:

w(n) (xi) ≈ ∑N
k=1 F(n)

i,k w (xk) + F(n)
i,N+1w(2) (x1)

+(0)w(4) (x1) + F(n)
i,N+3w(2) (xN) + (0)w(4) (xN)

= ∑N+4
k=1 F̃(n)

i,k W̃ (xk)

i = 1, 2, . . . , N; and n = 1, 2

(22)

In the above equation, the variables F(n)
i,j , N and ∆x are

the same as in Equation 20.
For convenience, the weighting coefficients of the 1st - to

4th -order derivatives are denoted by Ai,j, Bi,j, Ci,j and Di,j.
Thus, the form of the discrete governing equation remains
as indicated in Equation 21. Therefore, the total number of
DOFs in Equation 21 was reduced to N2 + 8N + 4 .

3.3. Static response of thin rectangular plate by DSC-T

To resolve the static case of the problem, posed in section
2, BC equations in terms of the DSC had to be added to
Equation 21. Following this, all necessary equations were
obtained. The displacement vector can be expressed in the
form of a partitioned matrix as shown in Equation 23: [Kαα]

[
Kαβ

][
Kβα

] [
Kββ

] { {Wα}{
Wβ

} }
= κ{P} (23)

In the above equation, {P} represents the concentrated
load, as defined in [19]. {Wα} contains only the displace-
ment DOFs; its dimensions depend on the combinations of

boundary conditions and κ =
a2 β

Dh∆X∆Y

After eliminating
{

Wβ

}
, Equation 22 can be restored to

a standard linear system equation as follows:

[K̄] {Wα} = κ{P} (24)

In the Eq. 24,

[K̄] =
[
Kαα − KαβK−1

ββ Kβα

]
(25)

The deflections can be obtained using a standard linear
equation system solver.

3.4. Dynamic response of the plate applying the β-
Newmark scheme

3.4.1. Principle of Newmark’s method

Consider the following to be a general form of a dynamic
equation:

MẄ + CẆ + KW = P (26)

In the above equation, W is the displacement vector,
M,C,K and P represent the mass, the damping, the stiffness
and the applied load matrices, respectively.

The principle of the Newmark method is to determine,
based on limited development, the position (W) and the
velocity () at time ti+1 using the value of time ti . This
development includes an error term of the third order that
is proportional to the derivative of acceleration. Several
hypotheses of the NM method allow replacing the third-
order derivative with the acceleration recorded during the
previous time, introducing two parameters γ and β . It can
be represented using the following correction scheme:

Wi+1 = Wi + hpẆi +
(
hp
)2
[(

1
2 − β

)
Ẅi + βẄi+1

]
Ẇi+1 = Ẇi + hp

[
(1− γ)Ẅi + γẄi+1

] (27)

According to Géradin and Rixen [34], for γ = 1/2 and
β = 1/4, the β− Newmark method is implicit and uncon-
ditionally stable. In that case, the acceleration is supposed
to not vary within the range [ti, ti+1] [33]. Therefore, the
method of mean acceleration will be used in this work.
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3.4.2. Algorithm

The algorithm for the β-Newmark method for linear sys-
tems is presented as follows [34]:

• At t=0 (when the plate doesn’t exhibit any deformation
or motion), if Ẇ0 = 0 and W0 = 0, then

Ẅ0 = M−1 (P0 − CẆ0 − KW0
)

(28)

The state of the problem at time tn is supposed to be known:
Wn, Wn, Ẇn

• Prediction

Wn+1 = Wn + hpẆn +
(

1
2 − β

)
h2

pẄn

Ẇn+1 = Ẇn + (1− γ)hpẄn
(29)

• Correction

Ẅn+1 =
(

M + γhpC + βh2
pK
)−1 (

Pn+1 − CẆn+1 − KWn+1
)

Wn+1 = Wn+1 + βh2
pẄn+1

Ẇn+1 = Ẇn+1 + γhpẄn+1
(30)

In the above equations, γ and β are the two parameters
of the β-Newmark method, and hp is the time step.

4. Results and Discussion

An important stage of such studies is to verify the applica-
bility of proposed formulations. To this aim, two simply
supported S-S-S-S, semi-rigid or elastic edges and E-E-E-E
boundary conditions have been considered. The corre-
sponding stiffnesses for the restraining springs have been
specified in Table 1. Using the proposed procedure, the re-
sponse of an isotropic plate resting on an elastic foundation
was analyzed. A finite rectangular plate of 3.5 m ×5 m ×
0.25 m, dowelled along its edges, was considered, as shown
in Figure 1. The structural properties of the plate have been
listed as follows: density ρ = 2500kg ·m−3, Poisson’s ratio
v = 0.25 , and longitudinal elastic modulus E = 24× 109Pa.
The density of the subgrade has been m = 1800kg ·m−3; its
Poisson’s ratio has been vS = 0.35 and longitudinal elastic
modulus was ES = 50.106Pa [4, 35]. For the purpose of
validation and comparison, the plate with simple boundary
conditions was analyzed. From the generalized boundary
conditions, we obtained the simple one.

4.1. Validation of the DSC-T method according to deflec-
tions

To validate the used method, we compared the deflections
at the center of the plate by using the DSC-T to evaluate the
static loading of the plate, which was considered as simply
supported at its edges, with those obtained from the ana-
lytical Navier’s method. Based on the previous study [2]
that we used to validate the DSC-T method, N = 19 and

r = 3 for the DSC-T method, N = 19 and r = 3 for Navier’s
method, n = m = 79 mode numbers in each direction. For
the DSC-T method, we used the calculation code Mathe-
matica 9.0 in conformity with the algorithm described in
Section 3. The maximal deflection obtained at the center of
the plate with the DSC-T was Wmax = 0.002778m/m. The
maximal deflection obtained analytically using Navier’s
approach was Wmax = 0.002783m/m. Thus, the relative
error was found to be 0.18%. The obtained relative error
is acceptable for the engineering design of civil structures.
Thus, the DSC-T method is sufficiently accurate to analyse
the studied plate.

4.2. Study of the static case

For the modified Vlasov soil, we implemented the iterative
algorithm to determine the logarithmic decrement γ , as
presented by Turhan and Straughan [2, 4? ? ]. We gave the
calculation code based on Mathematica 9.0 in the supple-
mentary data. The results obtained for different soil depths
and displacements, corresponding to each decrement value
γ , have been presented in Table 2.

Based on these data and by varying the thickness of
the plate, we plotted two curves: the curve of variation
of the logarithmic decrement as a function of the depth
HS for different thicknesses of the plate (Figure 3) and the
variation of the deflection as a function of the depth of the
soil (Figure 4).

4.2.1. Effect of soil depth on γ values at different thicknesses of
the plate

Figure 3 shows that the curves are linear, irrespective of the
thickness of the plate (0.1 m, 0.2 m, 0.3 m, 0.4 m, 0.5 m and
0.6 m). Thus, the logarithmic decrement is concluded to be
proportional to the dynamically activated depth of the soil.
The ratio of proportionality decreases as the thickness of
the plate increases. It varied from 4.75 for h = 0.1 m to 2.74
for h = 0.6 m. From this, we can deduce that the expression
of logarithmic decrement can be reduced to γ=αHs. Even
data from Straughan’s (1990) [? ] work leads to deducing
this relationship. However, it should be noted that the
author did not derive this linear relationship. The linear
relationship between γ and Hs is very useful, as knowing
the value of γ corresponding to a single depth Hs for the
same plate thickness can aid in defining the coefficient of
proportionality γ. Thus, the value of γ can be defined for
any other dynamically activated depth (for the same plate
thickness) without using an iterative approach.

4.2.2. Effect of soil depth on deflection values at different thick-
nesses

Figure 4 shows that the curves grow and become constant
at given depths for each thickness of the plate. Irrespec-
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Table 1. The mechanical properties of tie bars and dowels for various BCs [2]

S-S-S-S E-E-E-E
edges edges

Elastic vertical restraint,kx, ky(N/m) 200 E+18 200 E+6
Elastic rotational restraint,krx, kry(N.m/rad) 0 1.0 E+6

Elastic torsional restraint,kxy(N/m2) 0 0

Table 2. Values of the logarithmic decrement of the soil γ , and the displacements of the plate of thickness 0.25m

Depth of soil Hs (m) Value of γ Number of iterations Deflection W(m/m)
0.5 1.3827 3 0.000547
1.0 2.4647 4 0.000694
1.5 3.6004 5 0.000729
2.0 4.7784 5 0.000735
2.5 5.9723 6 0.000735
3.0 7.1659 6 0.000735
3.5 8.3598 6 0.000735
4.0 9.5565 6 0.000735
4.5 10.7508 7 0.000735
5.0 11.9449 7 0.000735
5.5 13.1385 7 0.000735
6.0 14.3353 7 0.000735
6.5 15.5297 7 0.000735
7.0 16.7239 7 0.000735

Fig. 3. Variation of logarithmic decrement vs. soil depth
at different plate thicknesses.

tive of the thickness of the plate, the deflection converges
towards a well-defined value of the depth of the soil. The
lower the thickness of the plate, the faster this convergence
is reached. Thus, for h = 0.2 m, the deflection converges at
a depth of 1.5 m, whereas for h = 0.7 m, convergence is only
achieved at a depth of 4 m. From this, we can deduce that
beyond a certain depth of soil, deflection stops varying, i.e.
a certain soil height is sensitive to the load that is applied
on the plate. This depth of soil will be considered in the

dynamic case as the dynamically activated depth of soil. It
increases as the plate becomes thicker. This implies that soil
below this depth has no significant impact on the response
of the pavement plate. Thus, soil beyond this depth can be
considered as a rigid substratum.

The concept of dynamically activated soil depth could
be used to stimulate plate modeling in the case of a dy-
namic load with the assurance that the impact that the
soil can have on the dynamic response of the plate can be
controlled. Furthermore, soil can be modeled as a finite
medium. In the remaining sections, we will focus on the
determined dynamically activated depth of soil.

4.2.3. Influence of the thickness of the plate on the values of de-
flections and γ

To analyse the influence of plate thickness on the logarith-
mic decrement γ and deflection values, we determined the
values of γ as a function of the thickness of the pavement
plate at different depths of the soil, as shown in Table 3.

Figure 5 shows that the logarithmic decrement of the
soil decreases as the thickness of the plate increases and sta-
bilizes at h = 0.5 m. This implies that for a plate thicker than
0.5 m, the value of soil’s logarithmic decrement varies very
slightly. Following further verification, it can be concluded
that for thicker plates, the value of the logarithmic decre-
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Table 3. Value of deflections according to the depth and logarithmic decrement of soil for different thicknesses of the
plate

Depth (m) Thickness of the plate (m)
0.1 0.2 0.3 0.4 0.5 0.6 0.7

Deflection 0.0044 0.000919 0.0003585 0.0001857 0.000112 0.000076 5.559E-05
Hs=0.5m γ 2.442 1.523 1.298 1.1652 1.091 1.1034 1.1649

Deflection 0.00464 0.00112 0.0004693 0.000256 0.000161 0.000111 8.381E-05
Hs=1.0m γ 4.7595 2.7821 2.0025 1.81717 1.62 1.6063 1.6561

Deflection 0.00465 0.00115 0.0005064 0.000295 0.000214 0.0001365 0.0001036
Hs=1.5m γ 7.1251 4.117 3.1664 2.3822 2.01 1.9537 1.995

Deflection 0.00465 0.00115 0.000515 0.000315 0.000225 0.0001544 0.0001184
Hs=2.0m γ 9.5156 5.4836 4.17022 2.955 2.358 2.25 2.2784

Deflection 0.00465 0.00115 0.0005165 0.00032 0.0002301 0.000167 0.0001544
Hs=2.5m γ 11.8922 6.8532 5.203 3.581 2.6967 2.526 2.45484

Deflection 0.00465 0.00115 0.0005168 0.000327 0.00024 0.000177 0.0001643
Hs=3.0m γ 14.2731 8.223 6.24044 4.2516 3.0545 2.806 2.71378

Deflection 0.00465 0.00115 0.0005169 0.0003288 0.000246 0.000184 0.0001715
Hs=3.5m γ 16.6519 9.596 7.2793 4.9424 3.4384 3.093 2.98503

Deflection 0.00465 0.00115 0.0005166 0.000329 0.000249 0.000189 0.0001767
Hs=4.0m γ 19.03 10.966 8.3231 5.6391 3.851 3.4058 3.27063

Deflection 0.00465 0.00115 0.000516 0.000329 0.0002514 0.000192 0.0001805
Hs=4.5m γ 21.4094 12.338 9.3632 6.3469 4.284 3.741 3.5681

Deflection 0.00465 0.00115 0.000516 0.000329 0.0002523 0.0001937 0.0001827
Hs=5.0m γ 23.788 13.7095 10.4033 7.05047 4.735 4.098 3.89325

Fig. 4. Variation of the deflection as a function of the
depth of the soil at different thicknesses (h) of the plate.

ment varies slightly. From this, we can conclude that the
value of the logarithmic decrement of soil is highly influ-
enced by the thickness of the plate, namely, for membranes
and very thin plates. For plates of medium thickness and
thick plates, the influence of plate thickness on the value of
logarithmic decrement is negligible.

Figure 6 shows that the curves are almost mixed up
at different depths of soil. The variation in deflection ac-
cording to thickness does not depend on the depth of the

soil. Thus, the depth of soil does not significantly impact
the deflection at different values of plate thickness. Fur-
thermore, the deflection of the plate decreases quickly for
thicknesses between 0.1m and 0.2 m. Between 0.2 m and
0.4 m, this decline slows down before stabilizing at h = 0.5
m. This implies that deflections decrease when the plate
has a medium thickness, and they become constant when
the plate is thick.

4.3. Study of the dynamic case

For the dynamic case, we studied the deflection of the plate
on Winkler soil, Pasternak soil and modified Vlasov soil.
With respect to these different types of soil, we studied
the influence of several parameters on the deflection of the
plate, namely, the comparison between the static case and
the dynamic one, the effect of the inertia of soil, the effect
of the damping coefficient and the effect of the stiffnesses
of the surrounding soil.

4.3.1. Comparative study between static and the dynamic deflec-
tion

Figure 5 demonstrates the variation in deflection along
the central axis of the plate (0 ≤ x ≤ 5 m, y = 1.75 m)
when a static load is applied at the center of the plate; this
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was examined with respect to different types of soil. The
curves in the figure show that deflections initially increase;
after reaching a peak, they begin to decrease. This can be
explained by the fact that deflection is maximum at the
point of application of the load; it decreases as it moves
away from it. Furthermore, it can be observed that with
respect to static loading, deflections are more significant on
the Winkler soil with a difference of 18.83% compared to
deflections on the Pasternak soil; with respect to deflections
on the Vlasov soil, deflections on the Winkler soil generated
a difference of 14.72%. This suggests that the plate on
Winkler’s soil is oversized. This finding is consistent with
that of Gibigaye et al.’s [4] who used the modified Bolotin
approach to solve a similar problem for a dynamic case.
Additionally, we found that deflections on the Pasternak
soil are slightly higher than that on the Vlasov soil with
a variation of 7.83%. This allows us to conclude that the
Vlasov soil can replace the Pasternak soil, which is closer
to reality according to several references [36–43].

Fig. 5. Variation in deflection along the axis (0 ≤ x ≤ 5m,
y = 1.75 m) for the case of a static load

For the static case, Figure 6, shows that deflections of
the plate are higher in the case of Winkler’s soil than those
on Pasternak and Vlasov soils. It should be noted that
deflections on the Vlasov soil type are similar to those on
the Pasternak soil, which is considered to be the reference
point. We can deduce that compared to the plate on the
Pasternak soil, the plate on Winkler’s soil is oversized,
as can be noticed in the case of static loading. As a rigid
pavement can be modeled as presented in Figure 1, in terms
of the effective cost of pavement, it would be recommended
to avoid using the Winkler soil type in modeling a rigid
pavement.

On the other hand, with a modified Vlasov soil type,
the value of the dimensionless deflection obtained at the

center of the plate (x = a/2andy = b/2) for the static case
is Wmax= 0.00117042, whereas for the dynamic case on
the Vlasov soil, Wmax = 0.00200737. Thus, the maximum
dynamic dimensionless deflection on the modified Vlasov
soil represents 171.50% of the static deflection. This can be
explained by the fact that the harmonic load at the center
of the plate is 119798.041 N or 49.74% more than the load
in the static case where it is only 80000 N. This implies
that even without the vibration aspect of the load, i.e. for
a uniform load of a magnitude of 80000 N, the dynamic
deflection would be higher than the static deflection of
21.76%. From all these observations, we can deduce that
the dynamic case has a significant effect on a dynamic
system’s response. Therefore, it is important to consider
the dynamic effect of loading while designing dynamic
systems.

Fig. 6. Deflection at the centre of the plate (0 ≤ x ≤ 5m, y
= 1.75m) for dynamic loading at t = 0.996s

4.3.2. Effect of the inertia of soil on deflections of a plate

Figures 7-9 show variations in plate deflection for different
values of Young’s modulus of soil at a certain point (x = 0m;
y = 1.75m). Analyzing these curves leads to the observation
that deflections of a plate on an inertial soil are higher
(up to 10%) than those observed on an un-inertial soil,
particularly while beginning to apply a load, i.e. around
t = 0s. Furthermore, we found that the effect of inertia
decreases until the effect reverses, i.e. deflections on the
un-inertial soil increase compared to those on the inertial
one for values of the modulus of elasticity beginning from
Es = 75MPa. This implied that it is important to take into
account the inertia of soil up to a certain value of Young’s
modulus of soil. Therefore, the influence of soil inertia
depends on the modulus of elasticity of soil. Following
studying the effect of soil inertia at one point of the plate, it
would be recommended to study the effect on other points
to formulate a general conclusion.
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Fig. 7. Effect of inertia on a modified Vlasov soil type for
Es = 25MPa

Fig. 8. Effect of inertia on a modified Vlasov soil type for
Es = 50MPa

4.3.3. Effect of the stiffnesses of the surrounding soil on deflec-
tions of a plate

Figure 10 illustrates the effect of the stiffnesses of the sur-
rounding soil on the dynamic response of a plate along
axis y = b/2 for the modified Vlasov soil type. Between
the results corresponding to the case where the stiffness of
the surrounding soil is not taken into account and the case
where it is taken into account, the curves appear almost
mixed up both for the dynamic and static cases. Thus, the
stiffness of the surrounding soil is found to have no sig-
nificant effect on the deflection of the plate. This finding
is inconsistent with the analysis of free vibrations, which
were studied earlier [2].

4.3.4. Effect of damping of soil

Figures 1113 show that for different types of soil, deflection
amplitudes decrease progressively as the load moves away
from the observation point (x = 0, y = b/2). This is observed
both when the system is considered both damp and not
damp. In both cases, deflection maximizes in the vicinity
of the point of application of the load. It should be noted
that when a system is considered damp, the deflections are
lower than those on the three types of soil (Winkler, mod-
ified Vlasov and Pasternak soils) that are not considered
to be damp. This suggests that it is important to take into
account the effect of damping of soil when conducting a

Fig. 9. Effect of inertia on a modified Vlasov soil type for
Es = 75MPa

Fig. 10. Effect of plate stiffness on the deflection

dynamic analysis of a modeled plate, as shown in Figure 1.

Fig. 11. Influence of damping on Winkler’s soil.

5. Conclusion

This study aims to combine the DSC method and Taylor
series approach with the Newmark scheme to investigate
the influence of the stiffness of surrounding soil, the thick-
ness of a plate and the depth of subsoil on the static and
dynamic deflection of a thin rectangular plate. The plate is
assumed to have dowelled edges and resting on a modified
Vlasov soil type.

To apply the BCs and eliminating the fictitious points
outside the physical domain of the plate, Taylor series ex-
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Fig. 12. Influence of damping ratio on the Pasternak soil

Fig. 13. Influence of damping on the modified Vlasov soil

pansion was implemented in the DSC method. By this
approach, the complexity in applying the BCs at the corner
points was tackled by specifying the value of torsional stiff-
ness at the corners. The Newmark approach, on the other
hand, is used to perform time integration step by step. The
main conclusions of this study are listed as follows:

• With a relative error of 0.18% (with respect to Navier’s
method), the DSC-T in combination with the asymp-
totic approach could be recommended for the engi-
neering (static) design of civil structures.

• A linear relationship can be found between the value
of the logarithmic decrement of the modified Vlasov
soil and soil depth.

• Beyond a certain depth, the effective soil depth, and
the deflection of a plate does not vary consistently and,
hence, soil can be modeled as a finite medium.

• For static loading, the deflections of a plate are more
significant on the Winkler soil type with a difference
of 18.83% compared to deflections on the Pasternak
soil; with respect to deflections on the Vlasov soil,
deflections on the Winkler soil generated a difference
of 14.72%. This shows that the plate is oversized on
Winkler’s soil.

• Comparing the dynamic case with the static one, we
deduced that the dynamic case has a significant effect

on a dynamic system’s response. Therefore, it is im-
portant to consider the dynamic effect of loading when
designing dynamic systems.

• The effect of the inertia of soil depends on the modulus
of elasticity of soil.

• For the three types of soil (Winkler, modified Vlasov
and Pasternak soils), it is important to take into ac-
count the effect of damping of soil when conducting a
dynamic analysis of plates.
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