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Abstract: We use exact recursion relations to study the magnetic properties of the half-integer mixed spin-5/2 and
spin-3/2 Blume-Capel Ising ferromagnetic system on the two-fold Cayley tree that consists of two sublattices
A and B. Two positive crystal-field interactions A and A, are considered for the sublattice with spin-
5/2 and spin-3/2 respectively. For different coordination numbers g of the Cayley tree sites, the phase
diagrams of the model are presented with a special emphasis on the case g = 3, since other values of
g reproduce similar results. First, the T = 0 phase diagram is illustrated in the (D4 = A1/J, Dg = Ay/))
plane of reduced crystal-field interactions. This diagram shows triple points and coexistence lines between
thermodynamically stable phases. Secondly, the thermal variation of the magnetization belonging to each
sublattice for some coordination numbers q are investigated as well as the Helmoltz free energy of the
system. First-order and second-order phase transitions are found. The second-order phase transitions
become sharper and sharper when Dy or Dg increases. The first-order transitions only exist for some
appropriate non-zero values of D4 and/or Dg. The corresponding transition lines never connect to the
second-order transition lines. Thus, the non-existence of tricritical points remains one of the key features
of the present model. The magnetic exponent By of the model is estimated and found to be % at small
values of Dy = Dg = D and By = % at large values of D. At intermediate values of D, there is a crossover
region where the magnetic exponent displays interesting behaviours.
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1. Introduction studying molecular-based magnetic materials which ex-
hibit ferrimagnetic properties [1] and also to their tech-
nological applications in the domain of thermomagnetic
recording [2]. Mixed Ising spin models appear simpler
in describing systems that exhibit a tricritical point (TCP)
behaviour [3, 4. Moreover, they are useful to study the ef-
fect of inhomogeneities on the phase diagram of Ising sys-
tems. When defined on hierarchical graphs as the Bethe

Mixed Ising spin systems have attracted much interest
over the few past years from both theoretical and exper-
imental point of view. This is due to their relevance in

lattice or the Cayley tree, interesting statistical properties
*E-mail: fhontinfinde@yahoo.fr
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are expected. In these cases, some exact treatments [4-6]
are possible even at high spin values. Half-integer spin
models are more exciting because first, they are less stud-
ied and second, they can show multicritical behaviour or
a magnetoelastic transition or instability [7].

The properties of such Ising systems have been studied
by well-known methods of equilibrium statistical mechan-
ics such as the mean-field approximation (MFA) [3], the
effective-field theory (EFT) [8, 9], Monte Carlo simula-
tions [10], cluster variation method (CVM) [11], the renor-
malization group approach [12], exact calculations,..etc
(see [5, 6, 13] and references therein). Ekiz studied the
mixed spin-1 and spin-1 on the two-fold Cayley tree [14-
16] by means of exact recursion relations and found a tri-
critical point for some values of the coordination num-
ber g [4]. More recently, Zhang and Kong [13] used the
same technique to investigate the mixed spin—% and spin-
1 Blume-Capel model on the same Cayley lattice. The
presence of lattice anisotropy (or crystal-field interaction)
in this model is interesting since it might induce a pro-
found influence on the molecular magnetism of this system.
They obtained interesting results such as the exact phase
diagram of the model and the non-existence of a TCP.
The next possible mixed half-integer spin model includes
the mixed spin—% and spin—%. This model has been stud-
ied by Zhang et al. [17] in its ferrimagnetic version with
an interlayer coupling and a simple approach to calcu-
late the internal energy of the system was proposed. Re-
cently, Albayrak and Yigit analyzed the mixed spln—% and
spin-2 Blume-Capel model on the Bethe lattice [18]. Al-
though the model is exclusively theoretical, they obtained
interesting results for the ferrimagnetic case (J/ < 0), with
the existence of first and second order transitions as well
as compensation transitions for appropriate values of the
crystal-field.

In this paper, we present an exact formulation of the pre-
vious model in its ferromagnetic version on the two-fold
Cayley tree using exact recursion relations. The two-fold
Cayley tree consists of two sublattices A and B. Two pos-
itive crystal-fields are considered with A; on sublattice
A and A, on sublattice B. Here, the spin—% and spin-
% are respectively put on sublattices A and B and this
considerably increases the number and the complexity of
analytical recursion relations needed to compute thermo-
dynamic quantities of interest. We would like to know
how this increasing number of possible spin states and
the difference in the sublattice anisotropies could modify
the results found by Zhang and Kong [13] at low spin val-
ues. Our calculations give results that can be summarized
as follows. When the temperature increases and one of the
sublattice anisotropies takes the value zero, or when both
crystal-fields have relatively small or large values, the dif-

ferent sublattice magnetizations tend continuously to zero
with no anomalous behaviour in the free energy of the sys-
tem. Thus, in these cases, the ferro-para phase transition
is exclusively of second order as found in reference [13]. At
intermediate values of the crystal-field strengths, the Hel-
moltz free energy and the sublattice magnetizations show
a discontinuity at low temperarure before the second order
transition (SOT) temperature. This temperature at which
the free energy appears non-analytic is attributed to a
first-order transition (FOT). Different numerical investi-
gations indicate the non-existence of a tricritical point in
the model since the FOT lines never connect to the SOT
lines. The phase diagrams are presented in the model
parameters’ space. In particular, the case where the two
sublattices have the same crystal-field strengths. At high
temperature and large sublattice anisotropy, the system
is completely in the paramagnetic phase. At low temper-
ature and small (or large) values of the crystal-field, the
system is in one of the thermodynamically stable phases
depicted in the T = 0 phase diagram. The second order
transition region is analyzed by estimating the magnetic
exponent By. We find that in the particular case where
both sublattice anisotropies have equal strength D, By
displays two limiting values % and % when D increases.
The different calculations are made with double precision
and the accuracy set at least to 107 for the convergence
of different quantities.

The remainder of this paper is organized as follows. In
section 2, the formulation of the problem is given. In sec-
tion 3, the exact expressions of the sublattice magneti-
zations are obtained. There, the phase diagrams of the
model and the behaviour of the magnetic exponent with D
are illustrated. Section 4 is devoted to the conclusions.
In the Appendix, the explicit expression of the free en-
ergy is given as well as the expressions of some recursion
relations.

2. The formulation of the problem

2.1. Definition of the model

The two-fold Cayley tree is constructed as follows. First,
we consider two points O and O’ as the central points of
the graph (see Fig. 1) [13]. The "first shell” of the graph
is obtained by constructing g points that connect to each
central point. For the central point O, one gets the "first
left shell” whereas for O’, one obtains the first opposite
shell named "the first right shell”. The graph grows further
from these g points by connection to (g — 1) new points
and so on. At the end, one has a two-fold Cayley tree
with a frontier shell (absent in the Bethe lattice) that has
closed loops. The two-fold Cayley tree consists of two
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Figure 1. A two-fold Cayley tree with coordination number g = 3
and generation n = 3. Spins ¢ are defined on sublattice
B. The central spins are denoted by spins sy and s .

sublattices A and B.
Discrete Spin variables are put on the Cayley-tree with
5 3

spin-3 on sublattice A (variable s) and spin-3 on sub-

lattice B (variable o). Then, s; = i%,i%,i% and
0 = i%,i% are the possible spin variables on sites of
the two sublattices.

The interaction Hamiltonian of this mixed spin system is

defined as:
H=-JY siog+M) si+M)Y of, (1)
(i) i i

where / > 0 is the ferromagnetic nearest-neighbour ex-
change coupling constant, Ay and A, are the crystal-field
or lattice anisotropy for spin—% and spln—% respectively.
In this equation, the first sum runs over nearest-neighbour
spin pairs; the second over sites of the sublattice A and
the third over sites of the sublattice B.

The partition function of this mixed spin system is given

by:

7 = Z e PH — Z eB(lZm 50— ¥ 5P -0y Y "/2) )

(s.0) |

55 15,9 4 (3 3 9 4 (3 3 5 _
2 2) _ B(Bda) e (22 —9Bny g1 [ 2 2 B(5/-307) a1 [ 2 1
9"(2'2) eP\'Z/72 gn,1(2,2)+2e 2 9”4(2’ 2)—i—2e 2%2)g, 4 55

5/_5

+2e‘3(7_7A2)ggj (% -

where B = 1/kT, with k the Boltzmann constant and T
the temperature. The magnetizations are computed from
some exact recursion relations that we treated by means
of an iteration procedure. In fact, the graph splits into
g disconnected pieces when cut at the central points O
and O'. Therefore the partition function can be written as
follows:

/ = Z Z e—BA1 (szo+520') [gn(SOr 50,)]‘7 , (3)

so Sor

where sg and sy are the central spin values and g,(so, sor)
denotes the partition function of an individual branch. Its
explicit expression reads:

gn(s0,50) = Z Z exp [B(lsom + Isoor

[} ayr

—Do(of + o)+ 1) siop— 1y Zs,?—AZZa,?)].
(if) i j

4

Each branch can be cut on the sites g7 or gy, which are the
nearest and the next-nearest to the central points, respec-
tively. Thus, one gets the following recurrence relations
for gn(so,sor) and g,_1(0y1, ov) :

g"(SO' SO’)
= Z Z eltUne oy =taet il _ (o1, o),

o oy

(5)
and

gn-1(01, ov)
= Z Z e[B{/lH szHlopsy = (5%+5%’)}] [gn—Z(Sz, 52/)]q_1 .

S2 Sy

(6)

Thus, for g, (3.3) and g,—1 (3,3) as examples, the ex-
plicit expressions read:
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2.2. Definition of new variables

The number of recursion relations is considerably reduced
due to the symmetry of the Cayley tree around the frontier
shell. This symmetry induces symmetric relations for g,
and g,_1 as follows:

gn(so. So') = gn(So, So), (7)

gn-1(01, 00v) = gpa(ov, oq). 8)

New variables h,_1(01, ov/) and h,(so, soy) are introduced
by renormalizing g,—4 and g, by ¢,-1(3/2,3/2) and
gn(—1/2,=1/2) respectively. In the following, we con-
sider:

R PN
Cor = oy (%—%) Doy = hy s (—;—g);
Eny =h, (-g%) v Faor=hyy (—%—%) ;
Goor = hos (%%) oyt = oy (%—%)

ln—1—hn71(_%:_1§); /,,:hn(g,g);
Kn=hn(g,—§); Ln=hn(g,§);
Mn:hn(g,—g); Nn:hn(g,%);
on:hn(g,—%); Pn:hn(—g,—g);
Qn=hn(—;§); Rn:h,,(—;—%);
sn:hn(—;%); Tn:hn(—;—%);
Un:hn(;%); vn:hn(;—g);
W,,:hn(;%); X,,:hn(;—%);
2] aen(2)
yn:hn(—;—%); Bn:hn(%,%);

101
a, = hn ( E, —E ) .
2.3. Expressions of the sublattice magnetiza-

tions

By definition, the average value of a physical variable (-)
inside a spin box A with specified boundary conditions
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(b.c) is formally written as:

(N =2z Y (e Brinelba o)

o€Qp

where Z2< is the partition function, ¢ an element of the
space configuration Q. Thus, the expressions of the sub-
lattice magnetizations M, and Mg are:

Ma=2Z'Y Y soe P (070) g, (so,s0),  (10)

so Sor

Mg = ZE1 Z Z o e—BAz(a12+a12,) [gn71 (01’01/)]17 .

g oy

where

!
so

2= T e ool (12

and

Zg = Z Z e Palot+ey) (g1 (o1, 0v)]". (13)

o oy

’ ’

M
g and Mg = g one gets the explicit
M; M3

By setting My =

expressions:

MY = 207 12D 9 4 4o 12PN KT 4o 8PN [T 4 4o BN MT 4 4o 0PN NI 4 407 0PN O
420 12BR pa 4 4080 07 + 4e8BATRI 4 40PN G0 4 4p=OBAI Ta | D=0 (J0 4 A=D1 \/q
+4eBRWI L 4e= BRI X9 4 e BRI YT | 40BN 79 4 4072PR1y0 L 2BT 4 407 42,

M, = 5e 12819 4 88PN |97 1 2e BBMMI 4 pe 0PN NI 4 40PN O — 51201 pg _ 0= 8FM (9
—8e BPMRI — 4e70FM ST e OBMTI 4 37N (1 1 4o PR WI 4 DR X9 3Ry

—2e 79 _4e=2BMya 4 BT _ 1,

MG = 2 3F% (14 DT, +2A7 ) +4e 3P (B!, + C?, + EL_, +F))

+2e7 2P (GI +2H!, + 1

),

My =322 (1= Df_,) +2e7 2P (2B1 | —2F"  —E" , + C7,) +e 2 (G", —I'_,).

For fixed values of the model parameters, one starts from
some initial values of the recursion relations which are
used to compute new values of the relations. The pro-
cedure is repeated up to convergence (within some given
accuracy) where the magnetizations are calculated.

2.4. Formulation of the critical temperatures

With increasing temperature at fixed other model param-
eters, the temperature at which the sublattice magnetiza-
tions go continuously and simultaneously to zero without
any anomalous behaviour in the Helmoltz free energy F

(see expression in the Appendix) is taken as the SOT tem-
perature. This so-called Curie Temperature T, separates
the ferromagnetic ordered phase from the disordered para-
magnetic phase. Some features of the system at 7. may be
obtained by setting M3 to zero, ie by solving the system of
equations: D, 1 =1,2B! ,—2F7 ,—F? . +C? , =0and
G,-1 = l,—1. By analyzing the expressions of the different
gn—1 given above, it emerges that at the Curie tempera-
ture T, the probability of having a spin up or down may
be equal. Such results have been obtained in Ref. [18] on
the Bethe Lattice. Technically, for fixed values of g and
sublattice anisotropies, we simply compute oM,/ T and
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O0Mpg/dT as functions of the temperature with 07// set
to 1073, These new curves simultaneously show a maxi-
mum at the same temperature that we take as 7. when no
anomalous behaviour is observed in the thermal behaviour
of F at this moment. We test the validity of such a con-
sideration by computing, using this method, T.(A//, q) for
g = 3 in the model of Ref. [13] and very good agreement
was obtained. The FOT is obtained when a sharp jump
occurs in the thermal behaviours of the sublattice magne-
tizations followed by a discontinuity of the first derivative
of F.

3. Transition
phase diagrams

temperatures and

3.1. The 7 = 0 phase diagram

From the expression of the hamiltonian, the energy of a
nearest-neighbour spin pair (s, o) may be written as:

Hy(s,0) = —Jso + % (A5 + Dg0?) . (14)

Due to the ferromagnetic coupling, only six possible pairs
with up spins may be considered. Computational analysis
of the corresponding energies in the reduced crystal-fields
plane (Da/q, Dg/q) yields the phase diagram displayed in
Fig. 2. This diagram shows some key features, in partic-
ular, the existence of triple points and coexistence lines
where the spin pair energy of some phases coincides. For
a given value of g, Dg = 0 and increasing Dj, five satu-
% is the only
one saturation value. Thus, we get the thermodynamic
phases (%% , (% %) (% %) and at the borders of these
phases, two hybrid phases: (2,3), (1,3) at the coexis-
tence points Dy = %q and Dy = %q. These hybrid phases

ration values exist for M, whereas for Mg,

should correspond to the cases where the sublattice A is
half-half covered by spins of the two neighbouring phases.
It is worthwhile to mention that in the diagram, there are
phases where the saturation value of Mg is higher than
that of M. At large values of the reduced crystal-fields,
both magnetizations have the same saturation value 1/2.
Along the Dg-axis in the diagram, three saturations values
exist due to the same reason mentioned above.

3.2. Sublattice magnetizations and phase di-
agrams

Here we present the thermal magnetic properties of the
system. In Fig. 3, we have depicted the thermal varia-
tion of the sublattice magnetizations M, and Mg as func-
tions of the temperature for two values of the coordination

,‘JI Ia‘ I L | L
48| o —
N2 (1/2,1/2) -
o3 -

o

8 -
(s8] 2 —
[ (5/2,3/2) _
] — p—
= | (3/2,3/ 2)| (1/2,3/2) =

0 L1 1 1 1 | L1
0 1 3Da/q 2 3

Figure 2. Phase diagram of the model at zero temperature. It shows
the different thermodynamic stable phases. Triple points
and coexistence lines are present. Along the Da/g-axis,
five saturation values are found for the magnetization of
sublattice A whereas along the Dg/g-axis, only three sat-
uration values exist for the magnetization of the sublattice
B (see text).

number g and the reduced crystal-field D4 when Dg is
set to zero. The results are in perfect agreement with the
T = 0 phase diagram concerning the saturation values.
Indeed, M falls from its unique saturation value 3/2 to
zero with increasing T whereas M, shows five saturation
values. For both values of g, the curves of M, and Mg are
quite similar to each other and we expect that it should
be the case for other values of g. They are all continuous
curves of the temperature 7. When going from g = 3 to
g = 4, the temperature T, at which the transition to the
disordered phase (with zero net magnetization) occurs is
rejected to higher temperatures whereas with increasing
D, the opposite holds. Thus, T, is a decreasing function
of T. However, for large values of Dy, T, is almost con-
stant for a given g and this appears clear from the phase
diagram illustrated in Fig. 5a. The critical lines of this
figure behave as in the phase diagram of Ref. [13]. We
check that for D4 = 0 and varying Dg, the results are al-
most similar to the previous ones. One question is how do
Dx or Dg alone disorder the system? The answer is given
in Fig. 5b. D4 creates much disorder than Dg. In fact, the
volume of the ferromagnetic phase for D4 = 0 is bigger
than the case where Dg = 0. This could be explained
by the large number of spin states affected by the lattice
dynamics when Dg = 0.

The model becomes interesting with non-zero values of the
reduced crystal-fields D4 and Dg. In particular, when they
have values around 1.5 (see below). In Fig. 4a, we have
displayed results of My and Mg when D4 and Dg have
equal strength. At Dy = 1.0, M4 and Mg drop repectively
from 5/2 and 3/2 which are saturation values. Here the
transition to the paramagnetic phase is very sharp but



Rachidi A. Yessoufou, Saliou H. Amoussa, Felix Hontinfinde

0.0

647/

Figure 3. Magnetizations M, (lines) and Mg (dashed lines) as functions of the reduced temperature k7// and g = 3, 4 in the mixed spin-g and
spin—% model introduced in this work. Curves are displayed for Dg = 0 and several values of D, written on the curves.

(

not followed by an anomalous behaviour of the free en- start at the saturation value 1/2, then jump together to
ergy. Therefore, we do have a ferro-para SOT. The SOT the saturation value 3/2. In other words, the system jumps
becomes sharper and sharper when Dg increases. At from the phase (1/2, 1/2) to (3/2, 3/2) and the magneti-
Ds = Dg = 1.7 and increasing T, both magnetizations zations evolve later to zero. The behaviour of the free
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energy is also interesting (see Fig. 4b). This energy is
almost co at very low temperature, then decreases to —oco
at the jump and later increases to saturate towards zero.
Clearly, the free energy is not analytic at the jump’s tem-
perature. This is of course a deep sign of a FOT. As we
show in Figs. 5¢, d, the FOT temperature exists for some
appropriate values of D4 = Dg. The corresponding transi-
tion line (dashed line) approaches the SOT line ( full line)
but does not connect to it. It tends closer and closer to
the SOT line with decreasing g. Unfortunately, at g = 3,
this line ends at Dy = Dg = 1.487182 far from the corre-
sponding SOT temperature. One should expect a link at
lower values of g, but the only one existing value is g = 2
and this case cannot display reliable physical properties.
Accordingly, our calculations do not show the existence of
tricritical point where the SOT and the FOT lines meet in
the present model. The very low-temperature calculations
of the FOT lines meets sometimes some non-convergence
problems of the recursion relations. These lines meet the
Da-axis at the values found in Fig. 2. Above the different
SOT lines, the system is disordered whereas below, an
ordered ferromagnetic phase should prevail. The ordered
phase can change from one region to another. At large val-
ues of Du of Dg where the SOT lines become parallel to
the Ds-axis, the system remains in the (1/2,1/2) phase. At
small values, we have either (5/2,3/2) or (3/2,3/2). Thus,
the FOT lines separate three ordered phases as found
along the Dj-axis in Fig. 2. Our calculations never show a
particular transition from the phase (1/2,1/2) to the phase
(5/2,3/2). The different results outlined above concerning
the T # 0-phase diagrams bear some resemblance with
those reported in Ref. [18] on the Bethe lattice, although
the system and the interaction hamiltonian are quite dif-
ferent.

We are now interested in the case where the two crystal-
field interactions are dependent in the sense that when Dy
takes large values, Dg should be small or vice-versa. One
simple way to make such investigations is to set Ay = p
and A; =1 — p where p is a positive real parameter with
values between 0 and 1. Results are already displayed
for some trivial values of the parameter: p =1 and p = 0.
For the intermediate values, we make calculations that
yield the phase diagram of Fig. 6. The critical line is
a decreasing function of p/J; such result is in agreement
with the disordering role of D, stated above.

3.3. The magnetic exponent 5,

The whole magnetization M of the lattice might be
|MA — MB| or |MA + MB| For Dy = Dg = D, M4 and Mpg
have approximately the same behaviour with T when
T — T.. This enables us to extract the magnetic expo-

kT 3 3

L PR e B . . — |{g)
. q=4 -
TR 1.7
- ;
glOO —- discontinuity -]
[
Q@ _ -
3
- o—rt7

2N T N N B B R R

0 1 2 KT/J 3 4 5

Figure 4. Magnetizations M, (lines) and Mz (dashed lines) as func-
tions of the reduced temperature kT/J at ¢ = 4 in the case
where both crystal-fields have the same values (Ds = Dg)
which are written on the curves (a). In (b), the thermal be-
haviour of the Helmoltz free energy F/J of the system is
illustrated for the crystal-field value D4 = Dg = 1.7. Dis-
continuity appears both in the free energy and in the two
magnetizations at the first-order phase transition (FOT).

nent Bo(D) from the relation M ~ tFo®) with t = |T — T |
when T — T, by using My or Mg. We study the be-
haviour of By as a function of the strength D of the sub-
lattice anisotropy. As it could be seen from Fig. 7, the
log-log plots of My for some values of D, yield straight
lines whose slopes determine the values of the exponent
Bo. The trend of By with D seems interesting. In fact, at
D =0, By = 0.255 +0.009 and this value of the exponent
does not change too much up to D = 0.5 (see Fig. 7b).
Then By(D) decreases linearly towards 0 and at D = 1.5,
we fitted By = 0.0266 + 0.0002. In this region, By ~
(—0.16893 £0.02133).D + 0.27429. For D > 1.5, By starts
to increase linearly: By ~ (0.4693 £ 0.0232).D — 0.6733,
and saturates for D greater than 2.5. At D = 25,
Bo = 0.4825+0.0005 and at D = 3, By = 0.4947 +0.0012.
The behaviour of By(D) could be summarized as follows.
For D < 0.5, the exponent By = % and the effect of the lat-
tice anisotropy is marginal on the critical behaviour of the
model: the model still behaves as the Ising model spin-5/2
without lattice anisotropy. For D > 2.5, the critical
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0
0

I '}_qp’; 4oy |

0 1 2 3 Da 4

Figure 5. Phase diagram of the mixed spin-% and spin-% model for Dg = 0 (a). The second-order transition (SOT) lines are displayed for several
values of the coordination numbers g written on the curves. Above the lines, paramagnetic phase exists whereas below, ordered
ferromagnetic phase should prevail. All the curves show the same qualitative similarities. In (b), the phase diagram helps to analyze
the disordering effect of each sublattice crystal-field. The case Dg = 0 creates much disorder than the case D4 = 0. In (c), the phase
diagram is given for equal values of both crystal-fields at ¢ = 3 and g = 4 written on the curves. Full lines are the SOT lines whereas
dashed lines correspond to the FOT lines. The FOT lines exist at low temperatures and do not meet the SOT lines. These different
critical lines are plotted for several values of Dg written on the curves and for ¢ = 3. For other values of g, qualitative similarities are
expected. In (d), the diagrams are obtained for constant values of D (written on the curves) and g = 3.

behaviour is completely different with By = % There is a
crossover between these two different critical behaviours
where By first decreases then increases linearly. These
results could be interpretated as follows: at very small

values of D, the ground state configuration is (3,2) or

(2,3) whereas for large values of D the ground state con-
figuration is (% %) The paramagnetic phase is reached

differently from these two phases as the values of the mag-

netic exponent By are different. Although more calcula-
tions are needed to clarify these two universality classes,
the present investigation reveals some critical properties
of the model and shows that the study of the criticality of
Ising systems on hierarchical graphs may be very inter-
esting. One relevant question is whether By still has the
same behaviour when Dy # Dg. Our calculations show
that for small values of D,, By could also be extracted
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Figure 6. Phase diagram of the model for ¢ = 3 when the sublattice
crystal-fields are dependent, varying from the value 0 to 1
as defined in the text.

from linear log-log plots of M4 or Mp. Beyond, the plots
are not actually linear and real difficulties emerged to
estimate reliable values the exponent.

4. Conclusion

We have studied the molecular magnetism of the mixed
spin-5/2 and spin-3/2 Blume-Capel Ising ferromagnetic
model on the two-fold Cayley tree by means of exact re-
cursion relations. The magnetizations of the two sublat-
tices are calculated and have shown, in most cases, the
usual decay with thermal fluctuations. Using the ther-
mal behaviours of these magnetizations and the analyt-
icity or the non-analyticity of the Helmoltz free energy,
the nature of the different phase transitions encountered
is identified. First-order and second-order phase transi-
tions are found. The range of the first-order phase tran-
sition is limited in the physical parameters’ space. This
transition is completely absent when one of the sublat-
tice anisotropies is zero or very small. Thus, the model
compared to the one studied in Ref. [13], presents richer
phase diagrams with the existence of first-order transition
lines. With increasing coordination number g, it emerged
that the critical temperature occur at higher temperatures.
However, the phase diagrams have presented qualitative
similarities. The critical behaviour of the sublattice mag-
netization is investigated by extracting the magnetic

0.5 1.5 2 25
D

Figure 7. Behaviour of the magnetic exponent B as a function of the parameter D4 = Dg = D. In (a), we display log-log plots of M, as a function
of t when T — T, at several values of D written on the curves. As shown in the figure, the curves are straight lines and this enables us
to fit the corresponding values of the exponent By (see text). In (b), By is given as a function of D and shows two saturation values %

1
and J.
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exponent Sy as a function of the sublattice anisotropy in
the case of equal strength D4 = Dg = D. Our calculations
yielded By = % at small values of D and By % for
large values of D. At intermediate values, By(D) behaves
linearly with D. More calculations are certainly needed
to completely reveal the richness of the criticality of the

model shown in the present investigation.
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Appendix A: On the recursion relations

Let us write in the following forms, some of the new variables introduced in subsection IIB:

)y = j—o K, = 'j(—o L,
0, = % A=

T, = j%; h = %’; i
Z, = % Vo = }/—3 By =

Thus, the explicit expression

Oy =

L, . M N,

Ik TR T
Q. _ R S,

R Al L
A X! y!

—j(n); XnZTSI Yn:ﬁ

B, . a,

r T

of J, as an example, is obtained from the following expressions of J/ and JO:

15 9 9 — 5 — 5/_5 — 15 9 —
Jy = eBlBI75%) 4 2e= 3B AIT] 4 2P~ 38) BIT 4 2eP(¥ -3%) 1] 4 eB(-2I-3%) piT]

+2eP-7=30) 971 4 20B(-5-3M) FI71 4 oB(31-302) GO 4 D= 2B 117

+efl-3-2%2) 0],

S = ePlo3738) 4 2e 30 A1 | eB(-38) BITT g 2eB(-30-30) I g (2 3%) pi]

+2eP(V-30) EI71 4 0eBU=30) FI71 4 oB(=3-302) GI71 4 Dp= 382 p97] 4 @B()-302) 971

As above, let us define:

’ / / / ’
A ;= An—1, B ;= Bn—1 C ; Cn—1 D ;= Dn—1 E ;= En—1
n—-1 = 0’ n=1 = 09 n=1= 709 n=1 = "0 n=1= 70
An—1 An—1 An71 An71 An,1
’ ’ ’ ’
F _ Fn—1, G Cn—1 H. _ Hn—1 / — l"—1
n—1 = AO , n—1 AO , n—1 AO , n—1 _AO
n—1 n—1 n—1 n—1
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For A,_1 as an example, the expressions of A’ , and A?_, are:

2501 ) 1531 158/ _ 25N 38/ 38/
.= e T1] { T t+e 7 } 1I<q {e_7+eT
{e’ﬁﬁj + eﬁﬁj} e
25BA1 . 7BAq _ 38
P~ 1+{t:" 6Bj+e*651]»e 2 QZ?;—&—{e
98J 98J 1380
+ {e‘T +e7} - 15" 1—i—{(9_331—i-e331}e_7Tq2—i—e

98/ 9B/ _9BA 33/ 38/
- {e*T+eT} TV { +e2} W 4 {e g M) e X

n

17BA1

+

o

+
N
+
®
w
g
——
®
|
J
=™
g
S o
LL

_ 9 5601

580 — 38/ 38/ _ BA _
YIS 4 e 4 o) e 7 2] +{e—7 +37}e— S

n
_38 38/ _BM g _BM
e 2 t+teZtre 2Za,,te 7,

+

+
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_ 38 17BN 1
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155/ 2580\ 1 38/ 1780
2e 2 2

e T e Pl 420 e
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Appendix B: On the expression of the free energy F

The expression of F is obtained from the following terms:

£ 8
f = e7(15/—25A1)jg—1 +2e(—2753A1)an—1+2€B(617%A1)Lg—1 +2€7(3/—17A1)Mq—1

f, = 26%(9}-1%1)/\/3—1 +2eﬁ(3j—%A1)Og—1 +e—§(15/+25A1)P;77 1+Ze—7(3/+17A1)Qq -1

f, = 2e—3(61+¥A1)Rg—1 +2e—3(3/+§A1)Sg—1 +2e—§(9/+13A1)7—,? 1+ez(9/ 9Aq) Ui~ -1

fo = 2= 3B Vq—1 +263(3J—%A¢)wq—1 +26§(3J—5A1)Xq—1 +e:2§(91+9A1)Y,?—1’

fs = 29—7(31+5A1 Z0- 1+2e—B(3]+ A1)yq 1+ez @3- A1)Bq T4 e 2 3A1ag—1 +e%3(3]+A1),

fo = e‘TA“]q 4 2e~ZBM K7+ Qe FEM LT+ 2e—F M,

f; = 2e= N N} + 2e” AN o] + e T Pl + 2e - Q1,

fo = 20 TPMRY 4 2o~ FEMSI | 2o~ TAMTY 4 o= 3B g

fo = 20 7PNV 4 273N WA 4 23BN XT 4 o= 2PN YO,

fo = 2e 2PN Zl+ 26~ 3P0 vl + e"l‘BA1B,‘,’ + 20 2PN al + e 2PN,

fr = e 09N 4 9a(-3BM) 41T 4 D AU+ 30) gITT | D= BUSM) O]

f, = o 53/-90) DI~ 14 2ebU-502) E9- 1 T4 2e (/"Az),_—q 1+e—%(/+A2)Gg:11’

fi3 = 2e (- BAZ)Hq 1 T+ ebU- A2) 9~ 1

F =f1+f2+f3+f4+f5, F2:f6+f7+f8+f9+f10r F3=fi1 + fio + fi3.

The explicit expression of the free energy of the system reads:

F 1 qg—1 1
7" BJ{ gttt ql"F3}'
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