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a b s t r a c t

The magnetic properties and hysteresis loops for the hexagonal Ising nanowire (HIN)
with core–shell structure consisting of spin- 3

2 are considered in the Blume–Emery–
Griffiths (BEG) model by using the mean-field approximation (MFA) based on the
Gibbs–Bogoliubov inequality for the free energy. The effects of various bilinear and
biquadratic interaction parameters between the core, between the shell, and between
the core and shell spins are considered for the phase diagrams of the model when
temperature T = 0 and T ̸= 0 in addition to the crystal and external magnetic
fields effects. The numerical calculations reveal that the model yields first- and second-
order phase transition lines and tricritical points. In addition to the isolated critical
and critical end-points, the model exhibits at most two compensation temperatures
and interesting multiple hysteresis magnetic loops behaviors strongly dependent on the
model parameters.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Nanoparticles are of great technical and research interest because of their interesting magnetic properties in relation
o their small size and contact surface [1,2], their capacity to store electrical energy [3,4], their permanent magnetic
ehaviors [5,6] and ability for high-density information storage [7,8]. Moreover, they have awesome applications in
edical field as catalysts, biosensors and drug delivery [9–16]. The nanoparticles are usually considered in the form of
anowires or nanotubes within the core–shell structure and various forms of materials with different spins are used to
chieve their desired properties [17].
With the development of nanotechnology, the synthesization of nanoparticles with controllable properties became

ossible. The Zn–ZnO nanotube complex was synthesized by a solid-vapor process: the ZnO shell has an epitaxial
rientation relationship with the Zn crystal core, and the sublimation of Zn leads to the formation of Zn–ZnO nan-
tubes [18]. Similarly, series of FeNi magnetic nanotubes were fabricated using the pore wetting template method [19].
ne-dimensional mesoporous SiO2 was used as an effective template to obtain the SnO2 nanotube in controllable form
y hydrothermal method and it was shown that the SnO2 nanotubes, as the anode material in the lithium ion battery,
how better performance than the ordinary SnO2 nanoparticles [20].
Theoretically, several studies on the magnetic properties of nanowires have been carried out using various calculation

ethods such as: the MFA [21,22], effective-field theory (EFT) with correlations [23–30] and Monte Carlo simulation
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Fig. 1. (a) The schematic representation of Ising nanowire with a hexagonal core–shell structure, (b) The schematic representation of a horizontal
layer of hexagonal Ising nanowire.

Fig. 2. The schematic representation of sublattices of the nanowire.

(MCS) [31–33]. In addition to these, we can also quote the works as follows: The phase diagrams and the variations of
magnetizations was examined in the transverse Ising nanowire with core–shell structure within the EFT [34]. The magnetic
properties, compensation temperature, and phase diagrams of ferrimagnetic cylindrical transverse Ising nanotube with
a negative core–shell interaction were considered in the EFT [25,35,36]. The crystal field effects were considered for the
surface shell of a cylindrical mixed spin- 12 core and spin-1 shell Ising nanotube via the EFT with correlations and, the
ritical and tricritical points of the model were obtained [37]. The magnetic properties and phase diagrams of a cylindrical
pin-1 Ising nanotube were analyzed by using the MCS [38] with the observation of compensation behaviors and triple
ysteresis loops. Note that the compensation temperatures appear in ferrimagnetic systems for certain conditions, and
ave potential applications in thermomagnetic recording and magneto-optical storage media [39,40]. The mixed-spin
IN with core–shell structure was examined by using the MFA based on the Gibbs–Bogoliubov inequality for the free
nergy [41] and it was shown that the system presents first- and second-order phase transitions, compensation behavior,
nd critical end points [42]. The magnetic properties and compensation temperatures of a mixed monolayer Coronene-
ike nanostructure were investigated by using the MCS and interesting magnetic properties of the studied model was
evealed [43].
2
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Fig. 3. The ground states phase diagrams; (a) the (αs, δs) plane when αcs = −1, κ = 0, κcs = 0 and δc = 0), (b) the (αs, δc ) plane when αcs = −1,
κ = 0, κcs = 0 and δs = 5) and (c) the (αs, δ) plane when αcs = −1, κ = 0 and κcs = 0.

Additionally, spin- 32 was also considered for the construction nanowires in various forms: The magnetic properties of
lume–Capel model for the HIN with core–shell structure were studied by using the EFT with correlations [44]. Dynamic
agnetic properties of the model on a cylindrical nanowire (CIN) in an oscillating magnetic field were investigated within

he MFA by utilizing Glauber-type stochastic dynamics [45]. The dynamic phase diagrams depending on the frequency of
n oscillating magnetic field and the dynamic hysteresis properties of the kinetic CIN system were studied by means
f the mean-field theory based on Glauber-type stochastic dynamics [46]. The magnetization loops of the HIN were
xamined in the framework of the EFT with correlations based on the differential operator technique [47]. The hysteresis
nd compensation behaviors of the CIN were considered within the framework of the EFT with correlations and the
hermodynamic quantities, such as the total magnetization, hysteresis curves, and compensation behaviors of the system
ere obtained [48]. It is clear from the above works that the spin- 32 model has not received the well-deserved attention

especially for the BEG model which was initially introduced to describe the separation of super fluid phase in the mixed
3
2He −

4
2 He system [49].

In this work, the magnetic properties and phase diagrams of the HIN consisting of spin- 32 was examined in the BEG
model using the MFA with the Gibbs–Bogoliubov inequality for the free energy. The model contains many parameters
including the bilinear (J ) and biquadratic (K ) exchange interaction parameters between the core, shell, and core–shell
µ µ

3
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Fig. 4. The ground states phase diagrams; (a) the (αcs, δs) plane when αs = 1, κ = 0, κcs = 0 and δc = 0, the (b) plane (αcs, δc ) when αs = 1, κ = 0,
κcs = 0 and δs = 0 and the (c) (αcs, δ) plane when αs = 1, κ = 0 and κcs = 0.

spins, allowing possible values of crystal field at the core and shell spins (∆µ) and equal external magnetic field (h) at all
ites. Many aspects of the model, such as the ground state phase diagrams (T = 0.0) and the phase diagrams (T ̸= 0.0)
n the possible planes of our system parameters and magnetic hysteresis loops, were considered in great detail.
The remainder of this work is set up as follows: In Section 2, the model and its MFA formalism are presented. In

ection 3, we expose and discuss in detail the numerical findings. In final Section, we conclude our investigation.

. Model and formalism

The studied model is a spin- 32 Ising nanowire with a hexagonal core–shell structure as presented in Fig. 1 where one
layer of the HIN consists of Nc = 37 sites in the core and Ns = 24 sites in the shell giving a total of Nt = 61 sites.
The nearest-neighbor (NN) core spins interact with the bilinear interaction parameter Jc = J chosen to be greater than
zero leading to the ferromagnetic (FM) interactions and with the biquadratic interaction Kc . Similarly, the NN shell spins
also interact ferromagnetically with the bilinear interaction parameter Js > 0.0 and with biquadratic interaction coupling
Ks. Moreover, there is an antiferromagnetic (AFM) type bilinear interaction coupling Jcs < 0.0 between the NN core and
shell spins in addition to the biquadratic interaction parameter K . Each core and shell site of the system are housed in a
cs

4
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Fig. 5. The ground states phase diagrams for the (δc , δs) plane when αs = 1, κ = 0, κcs = 0 for (a) αcs = −0.1, (b) αcs = −1 and (c) αcs = −1.5.

uniform crystal field labeled as ∆c and ∆s, respectively. A uniform external magnetic field h is also applied to the whole
system in order to study the response of the system under magnetic excitation. No need to say that the temperature (T )
is the main parameter of the model.

The Hamiltonian of this model including all these internal and external parameters in various forms can be written as
follows

H = −J
∑
⟨i,j⟩

SiSj − Js
∑
⟨i,j⟩

σiσj − Jcs
∑
⟨i,j⟩

Siσj − Kc

∑
⟨i,j⟩

S2i S
2
j

− Ks

∑
⟨i,j⟩

σ 2
i σ 2

j − Kcs

∑
⟨i,j⟩

S2i σ
2
j + ∆c

∑
i

S2i + ∆s

∑
j

σ 2
j

− h

⎛⎝∑
i

Si +
∑

j

σj

⎞⎠ (1)

here the core spins are denoted with Si while the shell spins are indicated with σj, and ⟨i, j⟩ indicates a summation over
he NNs.
5
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Fig. 6. The ground states phase diagrams; (a) the (κc , δ) plane when αs = 1, αcs = −1, κs = 0 and κcs = 0, (b) the (κcs, δ) plane when αs = 1,
αcs = −1 and κ = 1, (c) the (κ, δ) plane when αs = 1, αcs = −1, and κcs = 0 and (d) the (κ, δ) plane when αs = 1, αcs = −1, and κcs = −1.

In order to formulate the model by the MFA, the variational principle based on the Gibbs–Bogoliubov inequality for
the free energy [42] was employed by subdividing the system into nine sublattices namely: (c1, c2, c3, c4, c5, c6) for the
core section and (s1, s2, s3) for the shell as shown in Fig. 2. Thus, the free energy satisfy the relation given as

F ≤ F0(H0) + ⟨H − H0⟩ = φ; (2)

where F (H) is the true free energy of the Hamiltonian H given by the Eq. (1), F0(H0) is the average free energy of an
effective Hamiltonian H0 given as a function of variational parameters and ⟨H−H0⟩ is the average value carried out over
the ensemble defined by H0. The assumed effective Hamiltonian H0 of the model may have the following form

H0 =

nj∑
j

N∑
i

(
ljS

j
i + bj(S

j
i )
2
)

with j ∈ {c1, c2, . . . , c6; s1, s2, s3} (3)

where N is the number of layers, the values of nj are given as

nc1 = 1
nc2 = nc3 = nc4 = nc5 = ns1 = ns3 = 6
nc6 = ns2 = 12

and the coefficients are found as

lc1 = −Jc(2mc1 + 6mc2) − h
lc2 = −Jc(mc1 + 4mc2 + mc3 + 2mc4) − h
lc3 = −Jc(mc2 + 2mc3 + 2mc4 + mc5 + 2mc6) − h
lc4 = −Jc(2mc2 + 2mc3 + 2mc4 + 2mc6) − h
lc5 = −Jc(mc3 + 2mc5 + 2mc6) − Jcs(ms1 + 2ms2) − h
lc6 = −Jc(mc3 + mc4 + mc5 + 3mc6) − Jcs(ms2 + ms3) − h
ls1 = −Js(2ms1 + 2ms2) − Jcs(mc5) − h
l = −J (m + 2m + m ) − J (m + m ) − h
s2 s s1 s2 s3 cs c5 c6

6
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Fig. 7. The dependency of both transition and compensation temperatures on the intralayer exchange αs when (a) αcs = −1, κ = 0, κcs = 0 and
= 0 and (b) αcs = −1, κs = 1, κc = −1, κcs = 4 and δ = 2.

ls3 = −Js(2ms2 + 2ms3) − Jcs(2mc6) − h
bc1 = −Kc(2qc1 + 6qc2) + ∆c

bc2 = −Kc(qc1 + 4qc2 + qc3 + 2qc4) + ∆c

bc3 = −Kc(qc2 + 2qc3 + 2qc4 + qc5 + 2qc6) + ∆c

bc4 = −Kc(2qc2 + 2qc3 + 2qc4 + 2qc6) + ∆c

bc5 = −Kc(qc3 + 2qc5 + 2qc6) − Kcs(qs1 + 2qs2) + ∆c

bc6 = −Kc(qc3 + qc4 + qc5 + 3qc6) − Kcs(qs2 + qs3) + ∆c

bs1 = −Ks(2qs1 + 2qs2) − Kcs(qc5) + ∆s

bs2 = −Ks(qs1 + 2qs2 + qs3) − Kcs(qc5 + qc6) + ∆s

bs3 = −Ks(2qs2 + 2qs3) − Kcs(2qc6) + ∆s.

The expression of the approximated free energy per layer φ

N may be presented as

φ

N
= −

1
β

∑
j

nj lnZj −
1
2

∑
j

nj
(
ljmj + bjqj

)
+

1
2

∑
j

nj
(
−hjmj + ∆jqj

)
(4)

here Zj = 2 cosh( 32βlj)e
−

9
4 βbj + 2 cosh( 12βlj)e

−
1
4 βbj . By minimizing the free energy with respect to the variational and

order parameters, the following mean-field equations are calculated as

mj = −
1
Zj

(
sinh(

1
2
βlj)e−

1
4 βbj + 3 sinh(

3
2
βlj)e−

9
4 βbj

)
(5)

qj =
1

(
cosh(

1
βlj)e−

1
4 βbj + 9 cosh(

3
βlj)e−

9
4 βbj

)
(6)
2Zj 2 2
7
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Fig. 8. The dependency of both transition and compensation temperatures on the interlayer exchange αcs when (a) αs = 1, κ = 0, κcs = 0 and
δ = 0 and (b) αs = 0.76, κs = 1, κc = −1, κcs = 4 and δ = 2.

∀j ∈ {c1, c2, . . . , c6; s1, s2, s3}.

Finally, the core magnetization mc , the shell magnetization ms and the total magnetization mt are calculated as follows

mc =
mc1 + 6mc2 + 6mc3 + 6mc4 + 6mc5 + 12mc6

37
, (7)

ms =
6ms1 + 12ms2 + 6ms3

24
, (8)

mt =
37mc + 24ms

61
. (9)

In the next section, we numerically solve the main equations presented above to study the thermal and external
agnetic field changes of magnetizations for given values of Jµ, Kµ and ∆µ and thus to obtain the phase diagrams on
ossible planes of our parameter space.

. Numerical findings and discussion

.1. Ground states phase diagrams

In this subsection, the ground states (GS) phase diagrams of the hexagonal Ising nanowire with core–shell structure are
apped when the external magnetic field is set to zero. The Hamiltonian given in Eq. (1) is used to calculate the energy
f possible configurations of the model at T = 0.0. Then the allowed GS is determined by picking the configuration with

lowest possible energy. Since the model is symmetric, one can restrict the shell with negative spin values and the core
with positive spin values when the external magnetic field is zero. Also, to simplify the system, a uniform distribution of
spin values on the sublattices of shell, a uniform distribution of spin values on the outer sublattices i.e. (c , c ) of the core
5 6
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Fig. 9. The dependency of both transition and compensation temperatures on the intralayer exchange κs when (a) αs = 1, κc = 0, κcs = 0 and
= 0 and (b) αs = 0.76, αcs = −1, κc = −1, κcs = 4 and δ = 2.

and a uniform distribution of spin values on the inner sublattices i.e. (c1, c2, c3, c4) of the core are assumed. This allows
us to set

Ss1 = Ss2 = Ss3, (10)
Sc5 = Sc6, (11)
Sc1 = Sc2 = Sc3 = Sc4. (12)

where Ss1, Ss2, Ss3 are the common spin values on the sublattices of the shell for example. This makes 2 × 2 × 2 = 8
possible configurations of the system. The configurations are noted in the form (a, b) where a denotes the spin value
on the core and b denotes the spin value on the shell or in the form ((a, b), c) where a denotes the spin value on the
core interior and b denotes the spin value on the core exterior and c denotes the spin value on the shell. In addition, the
reduced quantities θ = kBT/J , αs = Js/J , αcs = Jcs/J , κc = Kc/J , κs = Ks/J , κcs = Kcs/J , δc = ∆c/J , δs = ∆s/J and H = h/J
are used to simplify the notation.

In Fig. 3, the GS phase diagrams are obtained on the (αs, δs) plane when αcs = −1 and δc = 0 (Fig. 3a), on the (αs, δc)
plane for αcs = −1 and δs = 5 (Fig. 3b) and on the (αs, δ) plane by setting αcs = −1 and δ = δc = δs (Fig. 3c) when
the biquadratic interactions are turned off, i.e. κ = κc = κs = 0 and κcs = 0. As shown in Fig. 3a, we observe two stable
states namely ( 32 , −

3
2 ) and ( 32 , −

1
2 ) separated by an ascending line with respect to αs. It is clear that increasing αs values

trengthen the shell spins in the configuration −
3
2 . On the other hand, when δs exceeds a given threshold limit, the shell

spins take the value −
1
2 . In Fig. 3b, we distinguish four stable states obtained by the competition between αs and δc . One

bserves, ( 32 , −
1
2 ) for low αs and δc , ( 12 , −

3
2 ) for high αs and δc , ( 12 , −

1
2 ) for low αs and high δc , and ( 32 , −

3
2 ) for high αs

nd low δc . They are all separated by straight lines, except ( 12 , −
1
2 ) and ( 32 , −

3
2 ) configurations which are bordered by an

scending line according to αs. In Fig. 3c, we also find the four stable states as in Fig. 3b but now the two straight αs-lines
ecome ascending.
To examine the effects of interlayer coupling αcs, the GS phase diagrams are obtained again for κ = κc = κs = 0

nd κ = 0 as illustrated in Fig. 4. Fig. 4a shows it on the (α , δ ) plane when α = 1 and δ = 0. One observes two
cs cs s s c

9
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Fig. 10. The dependency of both transition and compensation temperature on the intralayer exchange κc when (a) αs = 1, κs = 0, κcs = 0 and δ = 0
nd (b) αs = 0.76, αcs = −1, κs = 1, κcs = 4 and δ = 2.

table states ( 32 , −
3
2 ) and ( 12 , −

3
2 ) separated by a descending line in regard to αcs. The core spins flip from 3

2 to 1
2 when

c exceeds a given limit value. Fig. 4b is calculated on the (αcs, δc) plane when αs = 1 and δs = 0. Now four stable states
( 32 , −

3
2 ), (

1
2 , −

3
2 ), ((

3
2 ,

1
2 ), −

3
2 ) and (( 12 ,

3
2 ), −

3
2 ) are observed. It appears thus two new states constituted in the core, of a

ixed spins 3
2 and 1

2 . The (αcs, δ) GS phase diagram is obtained when αs = 1 with δ = δc = δs as shown in Fig. 4c. Now,
e distinguish five stable states namely ( 32 , −

3
2 ), (

3
2 , −

1
2 ), (

1
2 , −

1
2 ), ((

3
2 ,

1
2 ), −

3
2 ) and (( 32 ,

1
2 ), −

1
2 ).

In Fig. 5, the effects of both δs and δc are displayed on the GS phase diagrams of the system. They are mapped on
he (δc, δs) plane for selected values of interlayer coupling αcs when αs = 1 and κ = 0 and κcs = 0. It is found that
hen |αcs| is lower, for example |αcs| = 0.1 as demonstrated in Fig. 5a, six stable states are observed namely ( 32 , −

3
2 ),

3
2 , −

1
2 ), (

1
2 , −

3
2 ), (

1
2 , −

3
2 ), ((

3
2 ,

1
2 ), −

3
2 ) and (( 32 ,

1
2 ), −

1
2 ). For |αcs| = 1 (Fig. 5b), the mixed states in the core disappear and

we observe four stable states which are ( 32 , −
3
2 ), (

3
2 , −

1
2 ), (

1
2 , −

3
2 ) and ( 12 , −

3
2 ). But when |αcs| is higher, i.e. |αcs| = 1.5

Fig. 5c), the state (( 12 ,
3
2 ), −

1
2 ) appears in addition to the four states of Fig. 5b.

The last GS phase diagrams including the effects of κ are delineated in Fig. 6. Fig. 6a represents it on the (κc, δ) plane
when αs = 1, αcs = −1, κs = 0 and κcs = 0 in which five stable states of the system ( 32 , −

3
2 ), (

3
2 , −

1
2 ), (

1
2 , −

3
2 ), (

1
2 , −

1
2 ) and

( 12 ,
3
2 ), −

3
2 ) are found. Six GS states are captured as ( 32 , −

3
2 ), (

3
2 , −

1
2 ), (

1
2 , −

1
2 ), ((

1
2 ,

3
2 ), −

3
2 ), ((

3
2 ,

1
2 ), −

3
2 ) and (( 32 ,

1
2 ), −

1
2 )

on the (κcs, δ) plane when αs = 1, αcs = −1 and κ = 1 indicated in Fig. 6b. The (κ, δ) plane GS phase diagram is for
αs = 1, αcs = −1 and κcs = 0 (Fig. 6c). It shows four states given as ( 32 , −

3
2 ), (

3
2 , −

1
2 ), (

1
2 , −

1
2 ) and (( 12 ,

3
2 ), −

3
2 ). The final

ne, i.e. Fig. 6d, is obtained on the (κ, δ) plane with αs = 1, αcs = −1 and κcs = −1. Three new states appear namely
( 32 , −

1
2 ), ((

1
2 ,

3
2 ), −

3
2 ), ((

3
2 ,

1
2 ), −

1
2 ) in addition to the states obtained when κcs = 0 (Fig. 6c).

We note that the competition between different interaction parameters enriches the GS phase diagrams of the system.
hus, the GS states of the model is diversified by the given spin values when more parameters are turned on. Nevertheless,
he system remains dominated by the ( 32 , −

3
2 ) state. After having obtained the GS phase diagrams at zero T , we are now

eady to obtain the T -dependent phase diagrams with the help of GS phase diagrams in the next section.
10
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Fig. 11. The dependency of both transition and compensation temperatures on the crystal field δs (a) when αs = 1, κ = 0, κcs = 0 and δc = 0 and
n the crystal field δc (b) when αs = 0, αcs = −1, κ = 0, κcs = 0 and δs = 0.

3.2. Phases diagrams at zero magnetic field

In this work we use mean field theory to investigate the magnetic properties of an Ising nanowire spin- 32 with a
exagonal core–shell structure. The numerical results are obtained by solving Eqs. (5) and (6) iteratively. The solid black,
ed dashed, and solid green lines in the phase diagrams denoted the second-order, first-order, and compensation lines,
espectively. In addition, the full black circle, the full black square and the empty red circle represent respectively the
ricritical point, the critical end-point and the isolated critical point.

In Fig. 7, we plot the dependencies of both transition and compensation temperatures on intralayer exchange αs when
cs = −1, κ = 0, κcs = 0 and δ = 0 (Fig. 7a), as well as αcs = −1, κs = 1, κc = −1, κcs = 4 and δ = 2 (Fig. 7b).
he phase diagram in Fig. 7a clearly shows only a second-order phase transition line from the ordered phase ( 32 , −

3
2 ) to

he paramagnetic phase. The phase transition temperature increases with αs. Furthermore, when αs is greater than 1.82,
he model exhibits a compensation line that decreases progressively as αs increases and appears to have an asymptotic
imit when αs is large enough. As in the previous figure, the model in Fig. 7b depicts a second-order phase transition
ine that increases with increasing αs. Two compensation temperatures are also observed. Indeed, the system exhibits a
ouble compensation behavior for 0.304 ≤ αs ≤ 0.81. One obtained at constant temperature θ = 1.53 and the second
ne obtained at high temperature increases with αs. However, when αs > 0.81, the model exhibits a single compensation
ehavior at constant temperature θ = 1.53.
In Fig. 8, we display the dependencies of both transition and compensation temperatures on the interlayer exchange

cs when αs = 1, κ = 0, κcs = 0 and δ = 0 (Fig. 8a) and when αs = 0.76, κs = 1, κc = −1 and κcs = 4 (Fig. 8b).
ig. 8a demonstrates that the transition from the ordered phase to the paramagnetic phase is of second order and that
he transition temperature increases with |αcs|. To better understand the influence of the coupling αcs on the compensation
emperatures of the system, we set αs = 0.76 and kept the other parameters at the values shown in Fig. 7b. As a result,
e get Fig. 8b, which shows two compensation temperature lines: one that stays constant at θ = 1.53 for all αcs and the
ther that increases with α and disappears when α > 1.3.
cs cs
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Fig. 12. The dependency of both transition and compensation temperature on the crystal field δ for (a) when αs = 1, κ = 0 and κcs = 0, (b) when
s = 1, αcs = −1, κ = 1 and κcs = 0, (c) when αs = 1, αcs = −1, κ = 1 and κcs = 1 and (d) when αs = 1, αcs = −1, κ = 1 and κcs = −1.

Fig. 9 depicts the effects of intralayer exchange κs on transition and compensation temperatures when αs = 1, αcs = −1,
and κc = 0, κcs = 0 and δ = 0 (Fig. 9a) and when αs = 0.76, αcs = −1 κc = −1 and κcs = 4 (Fig. 9b). Fig. 9a shows two
ordered phases of the system: ( 32 , −

3
2 ) and ( 32 , −

1
2 ). When κs ≤ 0 the system is in the ( 32 , −

1
2 ) phase, but when κs > 0

he system is in the ( 32 , −
3
2 ) phase. The transition from the ordered to the paramagnetic phase is continuous, and the

ritical temperatures rise with increasing κs before falling to asymptotic constant values as κs−→ ± ∞. For κs > 1.3, the
odel has one compensation temperature that decreases progressively as κs increases and reaches an asymptotic value
= 9.7. As shown in Fig. 9b, the system illustrates two ordered phases, (( 12 ,

3
2 ), −

1
2 ) and (( 12 ,

3
2 ), −

3
2 ), when κs ≤ 0 and

s > 0, respectively. Double compensation behavior is observed when κs ≥ −1.2. In fact, two compensation lines with
symptotic values of θ = 1.53 and θ = 11.14 for the lower and upper sections at higher κs begin to decline as κs declines

and they turn back to each other and meet at roughly κs = −1.2.
The intralayer exchange κc dependence of the transition and compensation temperatures when αs = 1, αcs = −1,

κs = 0, κcs = 0 and δ = 0 and when αs = 0.76, αcs = −1 κs = 1, κcs = 4 and δ = 2 are displayed in Fig. 10a-b,
respectively. In the first, we identify two ordered phases of the system as functions of κc namely (( 12 ,

3
2 ), −

3
2 ) and ( 32 , −

3
2 ).

The second-order phase line increases as a function of κc . The model’s compensatory behaviors are seen at the boundary
of the two ordered phases. In fact, one obtains single compensation behavior for −0.584 ≤ κc ≤ −0.558 while observing
double compensation behavior for −0.558 ≤ κc ≤ −0.512. Given the selected parameter values, one can observe in
Fig. 10b that the compensation behaviors are nearly identical to those in Fig. 10a, but now the range of compensation
temperatures has expanded, i.e., −2.2 ≤ κc ≤ −1.1.

As seen in Fig. 11, when αs = 1, αcs = −1, and all other parameters are set to zero, we have constructed the phase
diagrams in the (δs, θ ) and (δc, θ ) planes. Again of second order, the phase transition line lowers with increasing δs and
δc . As a function of δs, we obtain two ordered phases, ( 32 , −

3
2 ) and ( 32 , −

1
2 ), which are separated by a first-order transition

ine that begins at (δs = 3.85, θ = 0) and terminates at the isolated critical point (δs = 3.4, θ = 0.68). Similarly, as a
function of δc (Fig. 11b), we likewise obtain two ordered phases, ( 32 , −

3
2 ) and ( 12 , −

3
2 ), which are separated by a first-order

ransition line starting at δs = 5.8, θ = 0 and ending at the isolated critical point at δc = 4.2, θ = 1.57. One magnetic
compensation behavior is observed for δs ≤ −10, and for 3.36 ≤ δc ≤ 4.2, the model also produces one magnetic
compensation line that terminates at the end of the first-order phase transition line.

Fig. 12 allows us to understand the influence of the uniform crystal field δ on the phase diagram of the system when
αs = 1, αcs = −1 for selected values of κ and κcs. For κ = 0 and κcs = 0 (Fig. 12a), one observes a continuous
phase transition line which separates the ordered phase from the paramagnetic phase, decreases as δ increases and then
stabilizes for large δ. When κ = 1, tricritical behavior is seen in Fig. 12b-d produced for κ = 0, 1, −1, respectively.
cs
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Fig. 13. The dependency of both transition and compensation temperatures for (a) on the crystal field δ when αs = 0.76, αcs = −1, κs = 1, κc = −1
nd κcs = 4 and (b) on the interlayer exchange κcs when αs = 0.76, αcs = −1, κs = 1, κc = −1 and δ = 2.

ote that the tricritical point is the intersection of the first- and second-order phase transition lines. For κ = 0 and
cs = 0 (Fig. 12a) we identify three ordered phases of the system separated by two first-order phase transition lines.
he first one, which separates phases ( 32 , −

3
2 ) and ( 32 , −

1
2 ), begins at (δ = 3.8, θ = 0) and finishes at the isolated

critical point (δ = 3.4, θ = 0.66). The second one starting at (δ = 4.4, θ = 0) and ending at the isolated critical point
δ = 3.8, θ = 0.99) separates the phases ( 32 , −

1
2 ) and ( 12 , −

1
2 ). In addition to the other two phases from Fig. 12a, a

ew first-order phase transition line between the phases ( 32 , −
1
2 ) and (( 32 ,

1
2 ), −

1
2 ) can be seen in Fig. 12b. The first-order

hase transition line separating the phases ( 32 , −
3
2 ) and ( 32 , −

1
2 ) disappears in the Fig. 12c. The phase diagram in Fig. 12d

is similar to that of Fig. 12b, but now the first-order phase transition lines between two ordered phases separated further
from each other. The straight portion of the second-order lines as seen in the last three phase diagrams separate the
ordered phase ( 12 , −

1
2 ) from the paramagnetic phase at large values of δ and terminate on the first-order lines at the

critical end points.
Fig. 13 is obtained for αs = 0.76, αcs = −1 and κs = 1 shows the dependency of transition and compensation

temperatures on the uniform crystal field δ when κc = −1 and κcs = 4 (Fig. 13a) and on the interlayer exchange κcs

when δ = 2 (Fig. 13b). The first one demonstrates that the critical lines resemble those in Fig. 12b. When δ < 17.2,
the model is in the ordered phase (( 12 ,

3
2 ), −

3
2 ). Two compensation lines are observed for −2.5 < δ < 3.9, but for

3.9 < δ < 13.3 it reduces to one. Again the critical end-point is observed which separates the ordered phase ( 12 , −
1
2 ) from

the paramagnetic phase for large δ. As illustrated in Fig. 13b, only a second-order phase transition line resembling the
one in Fig. 10b is discovered. One of the compensation line starts near the critical line around of (κcs = 3.5, θ = 11.238),
decreases progressively with increasing κcs and stabilizes for large values of κcs, while the second one also starts around
of (κcs = 1.52, θ = 0.283), increases very slowly before stabilizing around a constant value of the temperature for large
values of κcs.

The phase diagrams that are displayed in this section demonstrate that the system exhibits a wide range of unique
and fascinating magnetic properties. Our found results are in good agreement with those reported in Refs. [42,50–52].
13
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Fig. 14. The hysteresis loops of mt for (a-c) for various values of the intralayer exchange αs when θ = 1, αcs = −1, κ = 0, κcs = 0 and δ = 7 and
(d-f ) for various values of the interlayer exchange αcs when θ = 1, αs = 1, κ = 0, κcs = 0 and δ = 7.

.3. Hysteresis loops

In order to highlight the influence of the system parameters on the magnetic hysteresis cycles behavior, we have
lotted the total magnetization curves of the system as a function of the external magnetic field H .
The hysteresis cycles in Fig. 14 are obtained for θ = 1, κ = 0, κcs = 0 and δ = 7 with given values of intralayer

xchange αs = 0.5, 1.0, 1.5 when αcs = −1 (Fig. 14a-c) and that of interlayer exchange given as αcs = −2, −3, −8 with
s = 1 (Fig. 14d-f ), respectively. In these hysteresis cycles, the total magnetization evolves gradually as a function of the
agnetic field H with several horizontal panels. When αs = 0.5, we see three magnetic hysteresis cycles, one at the center
nd two on each side. Two more magnetic hysteresis cycles develop at the sides and the central cycle triples, creating a
otal of seven hysteresis cycles when αs rises to 1.5. Increasing αs further to 2, the two hysteresis cycles at each side merge
ogether reducing the total number of the cycles to five. For αcs = −2, −3 (Fig. 14d-e) we get five magnetic hysteresis
ycles with a central one whose width decreases with |αcs|. But for αcs = −8 (Fig. 14f ) the number of hysteresis cycles
ncreases considerably to thirteen hysteresis cycles including a central one.

Fig. 15 shows the magnetic hysteresis loops for θ = 1, αs = 1, αcs = −1, κcs = 0 and δ = 0. Fig. 15a-c illustrates
hem for various values of intralayer exchange κs = −0.5, −1.0, −4.0 when κc = 0 and Fig. 15d-f is for various
alues of κ = −0.1, −0.2, −1.0 when κ = 0. According to the different panels of these figures, we observe that
c s

14
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Fig. 15. The hysteresis loops of mt when (a-c) for various values of the intralayer exchange κs when θ = 1, αs = 1, αcs = −1, κc = 0, κcs = 0 and
δ = 0 and (d-f ) for various values of the intralayer exchange κc when θ = 1, αs = 1, αcs = −1, κ = 0, κcs = 0 and δ = 0.

magnetic hysteresis cycles whose width progressively decreases when κs becomes more and more negative. The number
of hysteresis cycles changes as a function of κc : two cycles when κc = −0.1, three cycles when κc = −0.2 and one
hysteresis cycle when κc = −1.

Fig. 16 expresses the magnetic hysteresis loops when θ = 1, κ = 0.5, αs = 1 and αcs = −1. In addition, Fig. 16a-c shows
the first three for δ = 0 and κcs = −1, −1.5, −2 and Fig. 16d-f displays the last three for δ = 3 and κcs = −0.5, −1.7, −2.
The number of hysteresis cycles starts with one for κcs = −1, increases to five for κcs = −1.5 and increases again to seven
when κcs = −2 for Fig. 16a-c. And, the number of hysteresis cycles again starts with one when κcs = −0.5, increases to
nine when κcs = −1.7 and decreases to five when κcs = −2.5 for Fig. 16d-f.

Fig. 17 illustrates the magnetic hysteresis loops for θ = 1, κc = −0.5, κs = 0, αs = 1, αcs = −1 and κcs = 0.
Fig. 17a-c is obtained by keeping δc = 7 constant for given δs = 6, 7, 8 and Fig. 17d-f is plotted for fixed δs = 5 for given
δc = 5, 10, 15. When δs increases the width of magnetic hysteresis cycles increases. For δs = 6 and δs = 7 nine magnetic
hysteresis cycles are found but for δs = 8 thirteen of them are found. For δc = 5, a single hysteresis cycle made of several
horizontal portions are observed. For δc = 10, 15 some parts overlap giving nine magnetic hysteresis cycles.

To illustrate the effects of temperature on magnetic hysteresis loops, they are plotted by increasing temperatures
θ = 0.5, 1.5, 8, 9.3, 10 and 13.47 as demonstrated in Fig. 18. We notice that the number of magnetic hysteresis cycles of
the system can vary according to the temperature of the system. Above the critical temperature from the ordered phase
to the paramagnetic phase, the magnetic hysteresis cycles disappear as expected.

The model parameters greatly influence the magnetic behaviors of the system as a function of the external magnetic
field by strengthening or weakening the cooperativity between the sites of the system. Several magnetic hysteresis
15
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Fig. 16. The hysteresis loops of mt when (a-c) for various values of the interlayer exchange κcs when θ = 1, αs = 1, αcs = −1, κ = 0, and δ = 0
and (d-f ) for various values of the interlayer exchange κcs when θ = 1, αs = 1, αcs = −1, κ = 0.5, and δ = 3.

behaviors can be revealed by making judicious choices of the system parameters values. The different panels reflect the
local or asymptotic stability of the system under the constraint of the external magnetic field. The magnetic hysteresis
cycles illustrate the multiplicity of the system state for certain chosen values of the external magnetic field. These magnetic
properties have many technological applications. Some magnetic hysteresis loops reported in this section look similar to
those found in Refs. [52–54].

4. Conclusion

In this work, we have used the mean field approximation based on the Gibbs–Bogoliubov inequality for the free
energy to investigate the magnetic features of a hexagonal Ising nanowire spin- 32 with a core–shell structure. First, we
have plotted ground state phase diagrams in different planes of system parameters. Then, we have investigated system
parameters’ effects on the phase diagrams and on the hysteresis behaviors when applying the external magnetic field.
The obtained results show that the model presents first-order and second-order phase transitions lines, in addition
to tricritical points, critical end-points and isolated critical points. In specific range of values of the model exchange
interaction parameters, the model yields the possibility of single or double compensation behaviors. It is also noted that
double compensation appear when the system core is in a mixed phase state. Finally, we have noted the existence of
multiple hysteresis loops behavior depending on the model parameters. Our found results are in good agreement with
those obtained in other works in literature.

We believe that our theoretical investigation could stimulate further research on the critical properties of nanostructure
systems and also motivate experimenters to investigate their compensation and multiple hysteresis behaviors.
16
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C
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Fig. 17. The hysteresis loops of mt when (a-c) for different values of the crystal field δs when θ = 1, αs = 2, αcs = −4, κs = 0, κc = −0.5, κcs = 0
and δ − c = 15 and (d-f ) for different values of the crystal field δc when θ = 1, αs = 2, αcs = −4, κs = 0, κc = −0.5, κcs = 0 and δs = 5.
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Fig. 18. The hysteresis loops of mt for various values of the temperature when θ = 1, αs = 2.5, αcs = −1, κ = 0, κcs = 0 and δ = 0.
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