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Abstract

The objective of this article is the generalization of the homogeneous
reaction-diffusion equations of the monostable or bistable types. From
the non-linear second order differential equation of the front profile
(solution of the homogeneous reaction-diffusion equations), a method
of generalization of the homogeneous reaction-diffusion equations,
based on the theory of factorization of ordinary differential operators
[9], was proposed. This method enables us to build two generalized
homogeneous reaction-diffusion equations: the first with one species

and the second with two species.
1. Introduction

Equations of models of diffusion intervene in varied fields like
combustion [1], chemistry [2], biology or ecology [3]. In population
dynamics [4], these equations model the evolution of species which interact
between themselves and move in an environment. When we consider an
isolated species of density u(z, x) at time ¢, with the position x and which

moves in the direction (Ox), its equation of diffusion can be written in the

following general form:

D) _p (. 0) + S u(x 1), 130 xR (LD

In this expression, f(x, u) represents the reaction term which defines
interactions between the species and its environment. This term is a function
of the density u(x, t) of species and their position x. The movement of the
species is described by the dispersion operator D,.. According to the mode of

displacement of the species, this operator is local or non-local. Thus, we
distinguish two types of non-linear equations of diffusion: reaction-diffusion
equations and integro-differential equations.

In the case of the reaction-diffusion equations, the dispersion operator

D, is local because it is supposed that the species at the time ¢ and at

position x diffuse only towards its immediate neighbour. Thus, this operator
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is an elliptic differential operator of the second order. The first models of
reaction-diffusion introduced by [5, 6] in population genetics are written in
the form:

ﬁu(axt, 0 - qui);, ) + fu(x, t)), t>0,xeR (1.2)

These reaction-diffusion equations are non-linear parabolic partial
derivative equations. In these equations, the non-linearity shown in the
reaction term f does not depend on the position x in space. In the case where
the environment of the species is homogeneous, we consider the regular

reaction term f'in the interval [0, 1] and null at the ends (£(0) = £(1) = 0).

This approach of reaction-diffusion becomes inaccurate when we study
species whose individuals can carry out long distance displacements. These
types of dispersions at long distances intervene in phenomena like the
pollination of certain plants or the propagation of epidemics. These
dispersions are often due to external vectors (human, animal, ...) which foster
the transport of species far from their place of origin. A manner of taking
into account these types of dispersions at long distances is to use integro-
differential equations [7, 8] in the form:

au(axt, t) - Jj:J(l -y Du(y’ t)dy - u(x’ t) + f(u(x: t)):

t>0and x € R. (1.3)

In these equations, J is a density of probability also called core of dispersion.
Thus, the dispersion operator D, is described by an integral operator of the
form J xu — u. The study of these types of equations is beyond the scope of

this work.

The objective of this article is to generalize and solve the homogeneous
equations of reaction-diffusion (1.2) by using the method of factorization of
differential operators suggested in [9]. In Section 2, we describe the various

types of homogeneous reaction-diffusion equations. In Section 3, we present
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the methodology of resolution of the reaction-diffusion equations by the
factorization method of operators. Sections 4 and 5 are dedicated to the
results of generalizations of the homogeneous reaction-diffusion equations,
with one species and two species, respectively. Finally, in Section 6, we

report the conclusion of work.
2. Various Types of Homogeneous Reaction-diffusion Equations
Generally, the reaction term f in equation (1.2), used in population
dynamics is monostable or bistable.
2.1. Monostable reaction term
The reaction term fis of the monostable type if:
f'(0)>0, (1)< 0 and f >0 on |0, 1[. 2.1
The current traditional example of monostable term is:
f()=0-u)(au +1)u with a > 0. (2.2)

If a <1, then the line of equation y = f'(0)u is above the first bisectrix

which corresponds to a reaction term of type KPP (for Kolmogorov,
Petrovsky and Piskunov [6]). If on the other hand, 1> a, then the line

of equation y = f'(0)u is below the first bisectrix, which in ecology,

corresponds to a weak Allee effect [10].
2.2. Bistable reaction term

The reaction term fis of the bistable type if:
1
I (S ($)ds >0 with £(0) < 0. and /(1) < 0. 2.3)

The traditional example of bistable term the most common is the cubic
function:

f(u)=Q0-u)(u—-p)u with p € 0, 1/2]. 2.4

Thus, f <0 on ]0, p[ and f > 0 on ]p, 1[.
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3. Resolution of the Homogeneous Reaction-diffusion Equations by the

Method of Factorization of Ordinary Differential Operators

Several authors [6, 11-13] showed that the reaction-diffusion models of
the monostable or bistable type have solutions of the fronts type, in uniform

translation connecting the state of balance in —oo to the state of balance in
+oo0, which makes it possible for these models to describe the invasion at

speed and constant profile of a virgin space by a population. These solutions

are u(x, t) = U(x — ct), where c is the speed of the front and U is the front

profile connecting the two states of balance of the equation. The front profile

U of equation (1.2) satisfies the following non-linear elliptic equation:

+ f(U(z)) =0, where (z =x—ct) e R

2
d“U(z) i dU(z)
dz? dz

and 0 < U < 1. 3.D)

According to [9], equation (3.1) can be factorized in form:

d d
(- B4 - BUE)UE) -o G:2)
The expansion of (3.2) leads to the following equation:
d’U(z) d¥, )\ dU(z) ~
dzz (IPI + \Pz + U U iz + lPl\le](Z) =0. (33)

Thus, the particular solution of equation (3.1) is one of the solutions of the

equations below:

(% W (U(z)))U(z) ~ 0, (3.42)

(% — P, (U(z))) U(z)=0 (3.4b)
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provided that ¥} and ‘¥,, solutions of system (3.5) below exist:

W'PLU = f(U),
(3.5)
lPl +\P2 +%U = —C.

In the continuation of this work, we will use this approach to generalize
and solve the homogeneous reaction-diffusion of equations for one species

and two species, respectively.

4. Generalization of the Homogeneous Reaction-diffusion

Equations to One Species

4.1. First stage of generalization

In the expression of the reaction term f of the traditional reaction-

S ()

diffusion models (monostable or bistable), the growth rate comprises

two terms: the first term is in favor of the growth of the species; and the
second term is against its growth. This second term still called function of

braking is often generalized by several authors including [14] in the form:
(1-u"), neR,.

In this work, we adopt this generalized form of the function of braking,

which leads us to write the reaction term in equation (1.2) in the form:

Jw) = (1 —u")gu)u. (4.1)

With this stage, our objective is to determine the expression of the
function so that the reaction-diffusion equation (1.2) with the reaction term
(4.1) can admit a particular solution with the step described in Section 3.
Thus, by taking into account the system (3.5), we can choose the functions

W, and ¥, such as:

W(U) = k(1-U") and W, = % g(U), k e R". 4.2)
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And g must satisfy the following differential equation:
Ug'(U) + g(U)+ k*(1=U") + ke = 0. (4.3)

By solving this equation and taking into account that f(0) = f(1) = 0, we

obtain:

k2
gU) =5 U" —k(k +c). (4.4)

Thus, we obtain a generalized expression of the reaction term in the
following form:

fw)=0-u")(au" — p)u, where a € R and p € R*.  (4.5)

By considering the expression (4.5) for the reaction term, the functions

Y, and ¥, are as follows:
Y(U)=k(1-U") and ¥, = %(aU" -p), keR" (4.6)

Thus, we use these expressions to solve equations (3.4a) and (3.4b).
Nevertheless, only the solution obtained with equation (3.4b) is not valid and
is as follows:

pA exp(—%p zj

ool P2)-1

In summary, the homogeneous reaction-diffusion equation that we

U"(z) = , where k2 = a(n+1) and p = k(c + k). (4.7)

generalized is structured as follows:

Ou(x, t) _ 0u(x, t) N

5 (IT=u"(x, 1)) (au" (x, t) — p)u(x, t)

X
t>0,xeR, where a € Ri and p € R". (4.8)

If moreover, at initial time, u(x, 0) = p(x), the particular solution

of equation (4.8) obtained by the method of factorization of ordinary
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differential operators [9] is as follows:

un(x’ {) = pun(x) eXp((Dnt)

_ np(p — a(n + 1)) (4.9)
p + ap” (x) (exp(w,t) — 1)

, where o, a(n+ 1)

4.2. Second stage of generalization

In the first stage, we carried out the generalization of the reaction term
which represents the only term of non-linearity in the traditional reaction-
diffusion equation. In the second stage, we add a second term of non-

linearity and rewrite equation (4.8) in this new form:

2
(e, 1) 245D - D) (e, 1)) (" x 0) - puC o),
x
t >0, xR, where a € Ri and p € R". (4.10)

By applying the step described in Section 3, the objective at this stage is
to determine the expression of the function /. The front profile U of equation

(4.10) satisfies the following non-linear elliptic equation:

U AUE) | (e 242 (Z) + (1= U"(2)(@U"(z) = p)U(z) = 0
where (z = x — ct). (4.11)

By taking into account the system (3.5), we obtain the following system:

W(U) = k(1-U"),

¥, = %(aU” -p), k e R". (4.12)
d¥,
\PIJ'_\PZ +WU_ h(U)C,

The resolution of the last equation of this system gives:

2 2
WU) = p;wk Lk ‘ZE”“)U”, (4.13)
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we can write the function in the form:
h(u) = o+ Pu”, where a € R} and B € R. (4.14)

Thus, the second reaction-diffusion equation that we have just

generalized is as follows:

2
(o pu (e, ) 240D = L) (4, 1)) (v, 1)~ pu, ),
ox
t>0,xeR, where (a, a) e R, peR* and p e R. (4.15)

By supposing that u(x, 0) = p(x), the particular solution of equation

(4.15) obtained by the method of factorization of ordinary differential
operators [9] is in the form:

un(x, t) — PH"(X) exp((ont) , where ©, = np(p — a(n + 1)) . (416)

p + ap (x) (exp(w, ) — 1) ~ Bp+aa(n+1)

4.3. Analysis of particular solutions of the generalized homogeneous

reaction-diffusion equations

All our analysis will relate to equation (4.8) which corresponds to

equation (4.15) when a =1 and B = 0. With equation (4.8), we obtain

successively from the reaction term:

Fiw)=n+1)(a+p)u" —a@n+1)u*" —p, 4.17)

f'(0) = —p and f'(1) = n(p — a), (4.18)
! _nla=(n+1)p)

Jof(s)ds ‘WM' (4.19)

4.3.1. Monostable reaction-diffusion model

The reaction-diffusion model is of the monostable type if the reaction
term f'checks: f'(0) > 0, (1)< 0 and f > 0 on ]0, 1].
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Thus, for the model (4.8), it is important that p <0 and a >0
(Figure 1). Under these conditions, ®,, > 0, Vn > 0 then, this gives rise to a

process of growth of the species as illustrated in Figure 2.
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Figure 1. Shape of the reaction term (monostable) of the reaction-diffusion
model (4.8), for various values of the parameters. Figure (a) corresponds to
the KPP type [6] and Figure (b) corresponds to a weak Allee effect [10].

(h} 0.8

a=1.0 = f=0.0 - p==-0.1

a=1.0 - §=0.0 - p==0.1
a=1.0 = n=6.0

Figure 2. Shape of the solution (4.9): case of the monostable reaction term.
It is about a process of growth of the species because ®, > 0, Vn > 0. Here
u(x, 0) = u(x) = exp(-x?)/v2x. (a) and (b) are drawn for the same values

of parameters, but we swapped the directions of the (Ox) and (Of) axes with
one another.
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4.3.2. Bistable reaction-diffusion model
The reaction-diffusion model is of the bistable type if the reaction term

1
f checks: Iof(s)ds >0, f'(0) < 0, f'(1) < 0. Thus, in equation (4.8), it is

necessary to have: p > 0 and a > (n + 1)p (Figure 3).

(3)2.0*“""‘1";‘_\5'0' (b)05_||P=\|_
p=1.0 — n=3 d=9:8 a=2.0 — n=3 = E

a=7. = ]

a=8.0 0.4F h= 3

0.3F

0.2F

f(w)

Figure 3. Shape of the reaction term (bistable) of the reaction-diffusion
model (4.8), for various values of the parameters. Figure (a) corresponds to
the case of the variation of the parameter ¢ and Figure (b) corresponds to the

case of the variation of the parameter p.

Under these conditions, we attain two types of processes:

- Growth of the species when ®, > 0 if p > (n+1)a as illustrated in

Figure 4.

- Decrease of the species when ®,, < 0 if p < (n+1)a as illustrated in

Figure 5.
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Figure 4. Shape of the solution (4.9): case of the bistable reaction term. The

process is a growth when p > (1 +1)a. Here u(x, 0) = p(x) = exp(—x?)/~/2x.

(a) and (b) are drawn for the same values of parameters, but we swapped the

directions of the (Ox) and (Of) axes with one another.

(a) | a=1.0 - p=0.0 - p=0.4
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Figure 5. Shape of the solution (4.9): case of the bistable reaction term. The

process is a decline when p < (n +1)a. Here (x, 0) = p(x) = exp(—x?)/~2x.

(a) and (b) are drawn for the same values of parameters, but we swapped the

directions of the (Ox) and (Of) axes with one another.

For example, when the process of diffusion is decreasing, one is

interested in the half-life time noted 7" such as: u(x, T*) = u(x, 0)/2. For
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equation (4.8) whose solution is (4.9), we obtain:
n
T (x) = 1y _pap’(x) ‘ (4.20)
®n 2"p —ap”(x)

Figure 6(a) describes the variation of half-life time at a particular point
with the parameter. On the other hand, Figure 6(b) describes the variation of
half-life time with x.

(a)2.0

1 (b)

T T
2.2ra=1.0 - =00 [n
e=1.0 — p=1.0 :

n

T(x)

0.5f

0.0L

Figure 6. Shape of the half-life time (4.20). Figure (a) describes its variation

at one particular point x; = 0 with the parameter n. On the other

hand, Figure (b) describes its variation with x. Here u(x, 0)=pu(x)=

exp(—x?)/v2m.

5. Generalization of the Homogeneous Reaction-diffusion
Equations to Two Species

The objective of this section is to propose a generalization of the
homogeneous reaction-diffusion equation to two species and to solve this
equation by using the method of factorization of ordinary differential
operators [9]. In population dynamics, there are various types of interactions
between two species. Three most significant and documented interactions
are: the predation, the competition and the mutualism. In case of our

study, we choose to write a general system, without specifying the type of
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interaction:

a1 (u(x, 1), v(x, 1)) au(x ) _0 u(x )

+ filu(x, t), v(x, t))u(x, 1),
av(x t) _0 v(x t)

8o (u(x, 1), v(x, 1)) + S (ulx, 1), v(x, )v(x, 1), (5.1)

t>0, xek,

where u(x, t) and v(x, t) are the densities of each species at time ¢ and

position x. As in the case with a species, we are interested in the front

profiles of the same front speed ¢ such as: u(x, ) =U(x —ct) and
v(x, t) = V(x — ct). We also place ourselves under the conditions of Cauchy
such as: u(x, 0) = u(x) and v(x, 0) = 9(x). The differential connection of

the front profiles to the system (5.1) is:

ddUz(Z) +eg(U, V) =22 dU(z) + /U, V)U(z) = 0,
CVE) s ey, 1)L s . 1)) -0,
where (z = x — ct). (5.2)

By applying the approach of factorization of ordinary differential

operators [5] to the system (5.2), we have:

-] 4 - e |ue o,
(5.3)

[di—‘le(U V)M - ¥ (U, V)}U(Z)_

we obtain, after expansion of (5.3), the following system:
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d*U(z O, \dU(z
p 2( ) —(‘Pn + W + aéz Uj d( ), P '¥pU(2) = 0,
zZ
(5.4)
d?v(z) My \dV(2)
dzz IPZI + ‘I"zz + ——= v V dz + \P211P22V(Z) 0.
By comparing the systems (5.2) and (5.4), we successively obtain:
YU, V)YLWU, V) = AU, V),
\Pll + ‘I”lz + 8(1]2 U= —Cgl(U, V),
Yo (U, V¥ (U, V) = /U, V),
v (5.5b)
LPZI + \PZQ + 852 V = —ng(U, V)

The generalization that we propose in this case is similar to that of the

process with one species. Thus, we define the functions f; and f, as

follows:

f1:00,1]x[0,1] > R

(U, V)= (@U" =p)) (V™ = 11), (5.62)

o [O, I]X[O, 1] —-> R
(U, V)= (@U" = py) (bV™ = 73), (5.6b)

(n, m) e R, (ay, ay, b, by) € R** and (py, pas 11, ¥2) € R™ are the
parameters of the model. At this stage, the objective of the work is to
determine the functions g; and g, and the conditions on the parameters
so that the system (5.2) admits at least a particular solution by the method
of factorization of ordinary differential operators [9]. By replacing the
expressions (5.6a) and (5.6b), respectively, in the systems (5.5a) and (5.5b)

and after resolution, the following expressions for the functions are obtained:
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£ 100, 1]x[0,1] > R
(U, V) (aU" —p)(aV" ), (5.7a)
£ :00,1]1x[0,1] > R
U, V) (bU" =) (07" - p), (5.7b)
g :[0,1]x[0,1] > R
U, V) 8—eaU" + V"), (5.7¢)
g [0, 1]x[0,1] > R
U, V) 8—eb(U" + V™). (5.7d)

With n e RY, (a,b) e R¥, (p,7,8) e R*> and ¢ € R which are the new

parameters of the model. In addition:
WU V) = (@ =) and Wa(U. V) = y(aU" ~ p).

1
(U, V) = E(bU” —v)and ¥ (U, V) = ky(bV" - p),

where (k, ky) € R*2. (5.8)

By introducing the expressions (5.8) into equations (5.4), we obtain the
solution of system (5.2). Thus, the system of reaction-diffusion equations to

two species that we have just built is as follows:
n ny Out azu n n
[6 —ea(u" +v )]E = P + (au” = p)(av" = y)u,

ov o
[6 — eb(u” + V" )]a—: = a—; +(bu" = y)(BV" = p)v, (5.9)
X

t>0, xek
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And its particular solution is:

W (x. 1) = pu” (x) exp(6,,7)

p+ ap” (x)(exp(0,1) ~ 1)’
(5.10)

) =PI )exp00)
p+ 59" (x) (exp(0,,1) ~ )

np(p +y(n +1))

where 0,, = 5n+ 1)

6. Conclusion

This work has led to the analysis of the homogeneous reaction-diffusion
equations whose terms of reactions are of the monostable or bistable type,

and where the density of the species is denoted by u(x, ¢). Several former

works had shown that these reaction-diffusion equations have solutions of

front type, in uniform translation connecting the state of balance at —o to the
state of balance at +oo. These solutions are u(x, t) = U(x — ct), where c is

the speed of the front and U is the front profile. The front profile U checks a
non-linear differential equation of the second order. In addition, the method
of factorization of ordinary differential operators, recently, published by [9],
opened a new step for the resolution of the differential equations. By
applying this step to the differential equation of the front profile U, we
proposed a method of generalization of the traditional homogeneous
reaction-diffusion equations (monostable and bistable). This method has
enabled us to build two generalized homogeneous reaction-diffusion
equations: the first with one species and the second with two species. It also
made it possible to determine the particular solution of each equation. These
generalizations made it possible to increase the number of parameters of the
traditional reaction-diffusion equations, thus, offering more flexibility for the

adjustment of the solutions u(x, #) on measured data.
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